Linguistic Analysis of 0-1 Matrices using Monotone Systems
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We examine a linguistic method of the analysis of 0-1 matrices in which a matrix is approxi-
mated by a small number of submatrices. An efficient algorithm using the apparatus of mono-
tone system is proposed for optimizing the partition.”™

1. Introduction

Currently available linguistic methods for data matrix analysis are designed for the proc-
essing of numerical “object-attribute” matrices [1,2]. In practice, especially in social sci-
ences, economics, and medical research, empirical information is often collected as qualita-
tive data. Such information is always easily and as shown in [3], expediently presented in the
form of 0-1 matrices. Typical examples of 0-1 matrices are provided by studies of organiza-
tional structure and operation [3]. In this article, we perform linguistic analysis of “object-

attribute” matrices with 0-1 elements.

The proposed method partitions the “object-attribute” matrix into vertical “contrasts”
bands, and the intuitive notion of contrast is formalized with the aid of monotone systems as
in [3]. As a result, the attributes are partitioned into a given number of groups, and in each
group the objects are separated into two classes, which consist “almost of 1-s” and “almost
of 0-s” respectively. For 0-1 matrices, this special partition of objects is of considerable in-
terest, because the outcome has an appealingly simple interpretation. In the analysis of nu-
merical data, on the other hand, many classes are usually needed in order to classify the ob-

jects within the attribute groups [1].

The algorithms are computationally efficient because the particular family of monotone
functions used allows the functionals being extremized (the functional increments) to be effi-
ciently updated following a local change in the vertical bands(removal or insertion of one

column).
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2. The problem of partition of a 0-1 matrix into contrast bands
using monotone systems

Let W be the set of objects (W|=N)and Y the set of attributes ([Y|=M ), @ is the

“object-attribute” matrix with 0-1 elements,

[1 when attribute j corresponds to object i

® :||¢i J|| i = %) otherwise

Consider the partition of the set Y into K nonintersecting subsets (classes)

k
(Y=UY* Y& nY® =0, q, #0,). The matrix @ is thus partitioned into k noninter-
gq=1

secting submatrices @ = (<D1,CD2 ,...,CD"), such that the -th submatrix is a correspondence
of the set W and some Y 9.

For each g, we define the monotone system <W T ,qu> by *
me(i,H) = a v]| - @-a)dyf, (1)

where H OW , i0H ; y;! is the set of attributes corresponding to the object i in the q-th

class of attributes; Y] = Uy‘j‘; a is a numerical parameter, 0<a <1. The system
jOH

<W T, ,d>q> is called a particular monotone system.

The value of |y,q| may be interpreted as the “degree of shading” of the row i in the band
@9 (we assume that the cell (i,j) is “shaded” if ¢ij =1) The value of |Y,j‘| may be inter-
preted as some measure of overall “shading” of the set H in the band ®9.

Then 77)(i,H) in some sense characterizes the deviation of individual “shading” from

the group “shading” in the band @9, with certain weights assigned to individual and group
“shadings”.

The monotone system <W ,rrg ,CDq> generates on the set 2V of all subsets of the set W

the characteristic function
Faq(H )= r%Lnnaq(i,H ), HOW.
1

! For @ =%, the monotone system <W ,ﬂg ,CDq> is the system <W ,7T2> [3].



The maximum-cardinality set GJ W , on which the function F,'( H) attains its global

maximum, is called the nucleus of the monotone system <W 7 ,(Dq>.

The monotone system (1), partitions the set W into G; and W \ G, . The next proposition

shows that the “degree of shading” of the elements in the nucleus is always less than the “de-

gree of shading” of the elements in its complement.

Theorem 1. Let i, OG,, i, OW\G,. Then forall a (0 <a <1)we have |yfj| < |yg|.
The proof is given in the Appendix.

For small values of a the set G, is lightly “shaded” (most of the |y,q| are small). Con-

versely, the set W\ G, consists of heavily “shaded” elements. Small values of 77;(i,H ) on
W\G, guarantee a low scatter of the sets y;' in Y, \G,, i.e., homogeneity of the set

a’?

W\G, in the band @“. As the parameter a is increased |Y,j| becomes larger and the

“shading” contrast between the sets G and W \ G/ is reduced. ®

Thus, the “contrast” of the bands @1 is naturally measured by F;(G_ ). The problem of

identifying “contrast” bands in the matrix @ thus may be stated as follows. It is required to

k

find a partition of the attribute set Y into k nonintersecting subsets Y ! ooy Y (re-

spectively a partition of the matrix @ into k bands @*,...,®* so as to maximize the func-

tional
k
J.(R)=5134, vy
q=1
where
Jog =F/(Gq), 3)

on the set of all partitions R :{Yl,...,Y k} of Y.

Other measures of band contrasts may be introduced. Thus, for instance, it is easily seen

that the measure '_(1) only accounts for the “degree of shading” of the nucleus G/ and

2 Forlarge 0 (O 2 %), thesets G, and W \ G, also have a high contrast, although in a certain different
sense. In this study, we will only consider “shading” contrast.



ignores the “shading” differences between the sets G and W \ G, . We can therefore mod-
ifyi(3) as follows:
mod
ey =Faces)-Faw). @

The functional being maximized changes accordingly:

mod

2R)=S (02) ©)
g=1

To optimize either functional (2): or (5), we can follow a standard general scheme. 3

Starting with an arbitrary partition R :{Yl,YZ,...,Y k}, we sequentially try to remove
from each class Y', i =1,k the attribute j, jOY' and at the same time try to insert it se-

quentially into each class t (t = 1k, t# 1) of the partition R.

In the process we compute the value of (3], J “ion ! \{} and 37 on Y' O {} . The

a
element j is inserted in the class t on which the functional {2) has the largest increment.
This increment is given by the formula

B (R)=377 =3, +3.7 -3, (6)

A compute trial-and-error cycle of placing all the elements in all the classes and then relo-
cating the elements in accordance with the maximum increment of the functional (2): will

generate the partition R* of Y .
If this partition is different from R, i.e., if at least one A} J_(R) is strictly positive, we

restart the algorithm with R = R*. Otherwise, the algorithm ends. Partition R is the sought

partition.; the sought vertical bands are correspondingly the submatrices ®*,@? o @F par-
titioned into horizontal bands <(Gl W \Gl),...,(Gk W \Gk)> .

We see from the proposed algorithm that the main computational operation is the evalua-

tion of AjitJa( R). Efficient computation of this increment requires exploiting the specific

features of the monotone system used.

® All the algorithms are described only for (2}, since for (5)! the algorithms are entirely similar. The evaluation
of (5);is no more complex than the evaluation ofi(2); since F,'(W ) are computes by the procedure used to

identify the nuclei of the system <W ,7'[2 o > )



3. Algorithm to identify the nucleus of a particular
monotone system <W 7T ,(Dq>

The algorithm makes use of the following fact.

Theorem 2. Let the order P be defined by the sequence of indexes in the series

= 2.2

Y| 2 |Yig Y-
1 2 N

Then the nucleus of the particular monotone system <W T ,(Dq> is one of the sets H,
¢=1,N, where H :{ig4 ,i?+1,...,iﬁ,}.

The proof is given in the Appendix.

We use the notation: |4 = <|1q A iy >

The algorithm to find the nucleus of the system <W 1T ,¢q> thus involves constructing
the sequence | P, computing N values rT;(i;/',H; ), and identifying as G the first of the

sets HY onwhich FA(H,)=m(i%,H%), £ =1,N , is maximized.

Updating the Nucleus Inside the Band after a Local Change of the Band. The increment of

the functional }(2) can be determined directly from L(6) by a two-fold application of the algo-
rithm that computes the nucleus of <W 7T ,¢>q>. Yet it is often essentially easier to update

I or 1 for known 17, G2, J9 than to perform a complete reordering and to com-

pute N values of 774(i,H ).

The elements i,,i, OW are called p*-equal if |yi‘j| = |yi‘;|. Clearly, p%-equal elements
may be placed in an arbitrary order in the sequence 1. The number of p%-equal elements
largely determines the complexity of the nucleus-updating algorithm inside some band @1,

Let 1P, GJ, JJ, respectively, be the defining sequence, * the nucleus, and the value of
(3) for the system <W T3, >

Without loss of generality, we may assume that every pair of pq+j -equal ( pq‘j -equal)

elements preserves their order in 179,

* Concept of "defining sequence” was first introduced in 1971, see
http://www.datalaundering.com/download/modular.pdf, or [4], noticed by JM.
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Theorem 3. When the band @ is changed precisely by one column j, the order 1™ is

transformed into order 1 **7 (11, which coincided with the order |1 on the set of ele-

ments that are not p“-equal.

This proposition follows in an obvious way from the fact that when the band @9 is
changed by one column, for all i JW the |y,q| either remains unchanged or change precisely

by 1 (increasing when a column is inserted and decreasing when a column is removed).
Theorem 4. The sets HY and H,*! (H,"7) coincide if the element # of W has the same

place in the order | and in the order | ** (17%9),

The proposition follows from the fact that the elements of the defining sequence are
shifted only in one direction: to the left when a column is added and to the right when a col-
umn is removed.

Theorem 4 leads to simple formulas for updating F,*(H,) (F,*/(H,)) in those cases

when the element /¢ retains its position in the defining sequence as a result of a one-column
change in the band @9:
ng_j(ine )= naq_j(in/, )—a Dﬂggi(‘pij + (1_0)@i i (7

7T2+j(ié,Hé):ﬂgﬂ(iZ,HZ)*‘GDEE?((P” —(1—0)@)”—. (8)

Formulas for complete re-computation do not involve computation of |Y,§|‘[| and therefore
formulas (7) and (8) are essentially simpler than of ((1). Since the place of an element in the
sequence is not preserved only for p%-equal elements, substantial computational savings
may be achieved if there are only few such elements.

The step updating the nucleus G_*/ (G_), the defining sequence 1 "% (1°"1), and the

functionals J % (J q‘j) are thus designed in the following way. Suppose that the previous
step generated the characteristics 1™, G, JJ, |y,q| i=1L,N, rrj(i},H/"), and also iden-

tified the classes of p“-equal elements. It is required to insert ° the j-th column in the ma-

trix @9 and to update all the characteristics.

® For the removal of the ] -th column the algorithm is obviously the same.



1) Construct the sequence Gaq” . Each of the classes Q of p%-equal elements is parti-

tioned into two subsets Q, and the elements of Q, , where
Q :{i | Q. ¢ :1}’ Q, :{i| 10Q,9;; :0}

The elements of these classes are renumbered so that the sequence | "1 starts with the

elements of Q, and the elements of Q, follow.

2) Update 77,77 (i,,H,). Compare the indexes of the elements in the set W and in the
sequences | ™ and | "1 If they coincide, then use formula {7); otherwise, use for-

mula:(1}. In conclusion of this step, find the nucleus G,/ and use {3} to compare J .

Remark 1. Higher computational efficiency may be achieved in computing the increment

(6). Thus, using criterion (2} with a =% (for this value of a, each particular monotone sys-

tem coincides with the monotone system <W ,7'[2> of [3] on the corresponding submatrix), we
can improve the computational efficiency in the following way.

Examine Y' and Y'. Let m; be the first element of the nucleus G, in the sequence | ™,
m, the first element of the nucleus Gy, in the sequence 1™ and jOY'.

Theorem 5. AijtJl/z( R) >0 if and only if the following conditions hold:

1) there existsaset H}, /> m,, such that

FA(H})=Fi(G}) and FyI(H)) = Fi(G});
2) thereexistsaset H;, £ >m,, such that

Fi(H})=Fi(G}) and Fy7(H})=Fi(G})+ 1.

Thus, when computing £6) in this case, we only have to enumerate the subsets “after” (in-

side) the nucleus, which satisfy the conditions 1) and 2).

Remark 2. Each vertical band may be partitioned into more than two classes with different

degrees of shading. One such possibility is provided by the nested system of subsets
W =(r) O(r,) 0...0(, ) =6, such that

a

F((r p >Fa(H), wOHO(r, ), i=1p.

o H



In this case, we may maximize the criterion(2) or {5}, but the vertical bands obtained in

the process should be partitioned into p (and not 2) classes (I'p)g,(l‘p_l)g\(l'p)g,...
,(I'l)q \(I'Z)g ( p may differ for different vertical bands). Another independent statement of

a

this problem may be obtained using the following construction. Let (G(,,‘*)O(G;,‘)1 (Ga,q)S
be the sequence of nuclei of the monotone systems
(W, ,¢q>;<W\(G§)O,naq ,¢Q>;... <W\((Gg)0 n(ee)o..ofe))m ,cp‘*>, respec-
tively. Then maximizing a criterion of the form (2), where

E ZF;((G::)”)

(s is different for different vertical bands) we obtain a partition of the matrix @ into vertical
bands, which are divided into classes with different degrees of shading. Note, however, that
this statement of the problem, unlike the first one, is associated with considerable computa-

tional difficulties.

4. Examples of identifying contrast bands on “object-attribute”
matrices with 0-1 elements

Example 1. Consider the matrix

S,

Il
oNoNoNal Sl
oNoNoNoll Sl
eNoNoNaN S S
PP RPPOOO
PP RPPOOO
PRPRPPOOO
PRPRPPOOO

Let the set of columns Y of @, be partitioned into two nonempty sets in some way, e.g.,
Yi={1357%,Y2={246}
Applying the proposed algorithm to optimize the functionali(2), for 0 < a <1/3, we obtain
the column partition

vt={123,v2={4567%}. (9)



Each of the bands @*, @2 is split into two classes:
G'={45673, W\G'H 123

. 10
G2={123, W\G* 456} (9

In this range of a, the proposed algorithm in effect diagonalizes the association matrix
[2]. It is also easily seen that in this simple case of full blocks of 1-s with complements con-
sisting entirely of 0-s, the proposed algorithm diagonalizes any matrix @ , regardless of its

dimension and the dimension of the blocks.

For 1/3<a <1/2, the partition::(g-ajl, (10Y is not the only optimal partition: “non-contrast”
partitions are also optimal in the sense of Jé( R), such as
vt={123458,Y*={%},
G'=W,W\G'=0,
G2 ={123 W\G?={4567.

Using (5 instead of [2); leads to somewhat better results: the criterion (5 identifies a

———————

Example 2. Now consider a matrix in which block of 1-s contain zeros and blocks of zeros

contain 1-s:
1110000
1110100
1100010
®,={ 0000111
0101011
0011111
0001111

Using the functional {(2) and 0<a <3, the sets Y* and Y? as in Example 1 take the

form [9); and the sets G* and G? are

c'={47}, c*={1},
i.e., the nuclei of the systems <W,7T;,d?1> and <W,r[§,¢71> contain only zero rows. For
1/3<a <1/2, one of the optimal partitions is {9}, (10); however, other partitions are also

optimal, such as



vyt={135%, v2={248},
G'={13457%, W\G* ={26},
G2 ={124, W\G? ={3567}.

the matrix @, and does not identify structures, which are essentially far from block-diagonal.

Specifically, the only other optimal partition for the given criterion is a partition, which is

_______

vi={13, Y2 ={34567},

G'={467, W\G' ={1,235,

Gc2={123, W\G? ={456%}.
APPENDIX

Proof of Theorems 1 and 2.

We start with some definitions. Let a non-strict linear order P be defined on a finite set
W (W|=N). It orders all elements of the set into the sequence 1° = <i1P Ay ,..,iP>, where

(ikp,itP)D P for k<t up to p-equal elements (elements x and y are p-equal if
(X,y)D P and also (y,x)D P).

(W,m,P) isa p-monotone system if

1) (W) is a monotone system;

2) m(x,H)<m(y,H) forall (x,y)OP and (y,x)OP;
3) m(x,H)=m(y,H) forequal x and y (forevery H OW).

In [3,4], the nucleus of a monotone system is formed by constructing the defining se-

quence | =i iy,...ix )

m(i, H,)=minn(i,H,), £=1LN, (A1)

where H, =W \{i,....i, .} , H, =W the nucleus G = H_ ={i_....i\} is defined by

10



n(if’Hf)<n(im’Hm)l£:11m_1’

- A.2
(i, H,)< (i, H, ), ¢=mN. A2

LEMMA A.1. The defining sequence of a p-monotone system coincides, up to permuta-

tions of p-equal elements, with the sequence | "

LEMMA A.2. If the element X is included in the nucleus of a p-monotone system

<W T, P> (xOG), then all the elements of the set W p-equal to X are also included in the
nucleus.

Corollary. The algorithm to identify the nucleus of a p-monotone system reduces to
evaluating 71(i,,H,), /=1,N on the sequence 1°. The nucleus G is identified with the

set H,, satisfying (A.2).

It is easily seen that the complexity of finding G by this algorithm is directly proportional

to N , whereas for a general algorithm it is directly proportional to N?2. ¢

Proof of Lemma A.1. Suppose that the defining sequence | = <i1,i2 ,...,iN> has been con-

structed. Take two elements i, and i, suchthat k <t.

(i ,H, )< m(i,,H,). (A.3)
From the definition of the order P, there are three possible relations between the elements
i, and i,: (i..i,)OP, or (i,i. )OP, or finally the elements i, and i, are p-equal. But us-
ing property {(2); of p-monotonicity and the inequality (A.3), we conclude that the case
(i,i, )OP and (i ,i,)OP isimpossible. Therefore,
(i..i)OP.
Thus, for all k,t =1,N such that k <t the elements of the defining sequence are in the

order relation P. m

® More effective O( N Eﬂog2 N ) general procedure for nucleus (kernel) search by constructing

non-complete defining sequence may be found at http://www.datalaundering.com/download/classarv.pdf ,
noticed by JM.

11
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Proof of Lemma A.2. The proof is by contradiction. Let the elements X and Yy be

p -equal, while X [JG and yOG.
Consider the set G D{ y} . By monotonicity of 71(i,H ), for every i G, we have
(i, O{ y})=n(i,G). (A.4)
By the third monotonicity property and (A.4),
m(y,GO{y} =m(xGH ¥ )2mxG). (A5)

From (A.4) and (A.5) we have
F(GO{ y}):iDEnDi{ny}n(i,G D{y})zrpDLnn(i,G): F(G),

which contradicts the definition of the nucleus of a monotone system. m

LEMMA A.3. The system <W T ,qu> is p-monotone, and its order P is defined by the

sequence of indexes in the series

>

q q q
Ya|Z|Ya|Z 2|V |-
2 N

h

The proof of this lemma reduces to direct verification of the p-monotonicity properties
for the system <W T, >

Theorem 1 follows from Lemmas A.2 and A.3, and Theorem 2 follows from lemmas A.1

and A.3.
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