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Abstract

An attempt is made to find parts of a given graph that are more “saturated” than any other
part parts with “small” graphs of the same type. On the basis of such a formulation,
constructing a monotonic system from structural elements of graphs (arcs or vertices) solves
this problem. The scheme of producing a monotonic system from a given graph is presented
in general form, and the necessary constructions are illustrated by examples. This paper is a
continuation of [1] and [2]; it has the purpose of illustrating the procedures (developed in the
first two parts) of finding extremal subsystems for solving certain problems arising in

tournaments, a-cyclic graphs, and undirected and directed trees.
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VIR 62-50:519.2

SKCTPEMAIJIbHBIE NOJCUCTEMbI MOHOTOHHbIX CUCTEM. Iii
WU. 3. MVIUNIAT

(Tannmnh)

PaccMaTpuBaeTcs BO3MOKHAA IOCTAHOBKA 3aJaYl BLIIEJCHMS YacTeld m3
sajjagHoro rpada, Gosee «HACHIEHHEIXY, 9eM KaKHe-THGO ApyTHe dacTH,
ONHOTHIHLIMA (MaibMuy Tpadpamu, Pemmenme aToit 3amaun, mcxoms ms mpen-
TOOHHO NOCTAHOBKH, OCYIIECTBIAETCA ILyTeM O00DasOBAHUA MOHOTOHHON
CHCTeMEL Ha CTPYKTYPHEIX dleMeHTax rpadoB (fyrax wim epmmuax). Cxema
00pa3oBaEKA MOHOTOHHOMH CHCTEMEL H3 3aTaHHOTO rpada nmpusogmTcsa B 06menm
BHJle, B HeOOXO/lUMble KOHCTPYKIIUY IIOSICHAIOTCA Ha npuMepax.

PaGora sBnaercs mpogomxenuem [1, 2] m OPHeHTHPOBaHA Ha MILIIOCTpa-
OHIO PasBUTOrO TaM allapara BbLENEHHA SKCTPEMANBHBIX IOICHCTEM IS pe-
IeHNs HeKOTOPLIX 3ala¥, BOSHUKAWIIAX B TYPHHDAX, alMKIEYeCKAX Tpadax,
HeOPHeHTHPOBAHHKX M OPHEHTHPOBAHHLIX IEPEBhAX.

K ofmpexram, k KoTOpHIM B HacTosmee BpeMsA NMpOABIAETCH HHTEPeC mceae-
TioBaTeJiell CIOKHEIX cucTeM, oTHOcATCA rpadsr [3]. C opmoit CTOPOHH, Tpad) —
MaTeMaTHIeCKAR 00BeKT, a ¢ APYToil — y00HOe CPEICTBO ONMCAHWA W AHAIH3A
B3aUMO3aBHCHMOCTell MEKIy 2IeMEHTaMH B CHCTeMe, B ciryuae cmereM ¢ He-
GoNBIIEM YHCITOM HIEMEHTOB aHANM3 IPad)oB He MPECTABITET HAKAKAX TPyO-
HOCTei, HO, KOT{a YHCII0 DIIEMEHTOB BEINKO, BOSHIKAIOT IPOGIEMEL

B namnoii pabore mpemmaraercs amanms rpada 3amemmTH IIOCJIEeIOBATETb-
HBIM aHAJIM30M BEIeAeMEIX U3 rpada wacteit. B reopmm rpador mmeerca 6o-
TaTHIl aNOApaT BEIeNeHHA mOArpadoB, dacTeidt W T. I, OZHAKO OpH aHAIHA3e
Goxpmmx rpadhoB He BCerna yAAaeTcs KIACCHIECKHe METOTH CBA3ATH C KOHKpeT-
HBIMI HY)KJaM# uccnefosarens. ssecrro, mampmmep, 410 sKcmepEMEHTATE-
Hbie rpad)H MOBOJIBHO IIYCTHIE T Io03TOMY cOolepHaT MHOTO MAaKCHUMAaJbHEBIX IOJ-
HBIX HOﬂFpad)OB, KOTOpPBIE BRINEJIATH B OTAEJIBRHOCTH HET CMEICJA.

C mamreit TOYKM BPeHH:A, IPHTONHBI ANIApaT BEITETCHHA TacTelt B rpade
MOFRHO TIOTy9HTE, CCJIM BOCOONL30BATECHA MOHATHEM MOHOTOHHOM cmeremsr [1].
Heno B ToM, 4ro u3 rpada mMoskEO 0Gpa3zoBaTH He ONHY, & MHOKECTBO MOHO-
TOHHBIX CHCTEM T COOTBETCTBEHHO HOPpeJIOKATh HE EANHCTBEHHOEe pemeHne
HDOCTaBIEHHOW 3afladud, a LeJoe MHOMecTRO (mame OecKoHewmoe MHOKeCTBO)
pemennii. Uccaegosaremo rpada cieayer Ha 0cHOBe COGCTBEHHOMN UETYyUIHH
BLI6pa‘TI) I(OHYCTI/IMI)IfI Hyaacc peIHeHHﬁ " TOJBKO 3aTeM YHe BOCHOIB30BATHCSI
paspabaTeIBaeMBIM 3/iech (POPMATBHEIM anapaTom.

B pasgene 4 npmeomarcs HEKOTOPLIC DCKOMEHJANMA O TOM, KaK CaeqyeT
BBIOMPATh KIACCHl DENICHW{t B KOHKPETHBHIX CIy9asgx Ha IIpuMepe TYpPHHDOB,
AIMKANIECKAX TPadoB, BOSHUKAOIMX PN WCLOIb30BAHIM TeXHIKH MO/ Thb-
HOTO MpOrpaMMUpPOBaHuA, /iepesbeB. B ocrampusix paspgenax crpomres obmas
MOielrb HBO6XOI[HMOI‘O anmapara BEBEIJIeJICHOA qaCTeﬁ, KoTOopasa HJIJIIO‘CTppreT-
ca nprvepamy. TepmuroTOrIA Teopum rpadon 3amMcTBOBaHA U3 MOEOrpadmi
[4—6].

1. CopepiarensHas NOCTaHOBKa 3aJauM BbigeneHus
3KCTPeManbHLIX NoACHCcTeM — sifiep Ha rpadax

Paccuorpum ma rpagpax samawy rakoro Tuma: samam «Gobrmoity rpad G
u «maxkti> rpag) I'. Heobxomumo B rpade G BEigemnts Takyio ero wacts (MHEO-
#ecTBO Nyr umm pebep), YTOGH HTa BELIENCHHAS UACTb OBLIA «HACHITCHA»
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Introduction

Among the items that are at present of interest to investigators of complex systems, let us
mention graphs [3]. On the other hand a graph is a mathematical object, and on the other
hand it is a conventional means for describing and analyzing the relationship between the
elements of a system. In the case of systems with small number of elements, the analysis of
graphs does not present any difficulties, but in case of a large number of elements we have

problems.

In this paper it is proposed to replace the analysis of a graph by a successive analysis of
parts of this graph. In graph theory there exist many methods of selecting of subgraphs,
parts, etc.; however, in the analysis of large graphs it is not always possible to adapt the
conventional methods to the actual requirements of the investigator. For example, it is well
known that experimental graphs are fairly empty, and therefore contain many maximal

complete subgraphs whose individual selection makes no sense.

From our point of view it is convenient to select the parts of a graph by a method based on
the concept of monotonic system [1]. As a matter of fact, from a graph it is possible to
construct not one, but a whole set of monotonic systems. The investigator of a graph must
select on the basis of its own intuition an admissible class of solutions, and only after that

will he be able to use the formal method developed here.

In Section 4 we give some recommendations how to select the classes of solutions in actual
cases, by using the example of tournaments and a-cyclic graphs that occur in the technique
of modular programming, as well as trees. The other sections deal with the construction of a
general model of the required procedure of selection of parts that is illustrated by examples.

The terminology of graph theory has been adopted from [4 — 6].



1. Formulation of Problem of Selection of Extremal Subsystems (kernels in graphs)

Let us consider the following problem on graphs. We are given a “large” graph G and a

“small” graph ¢ . From the graph G it is required to select a part (i.e., a set of arcs or edges)
in such a way that this part is “saturated” with small graphs g . The saturation part of a graph
with small graphs g can have different interpretations. For example, it can be assumed that
one part of a graph is more saturated than another part if the first part contains a large
number of graphs g as compared to the second. The definition of saturation can be also
obtained in the following “complex” manner. Let us consider a set of arcs or vertices of a

graph G that occur only in the part of interest to us. That then we can calculate not the total

number of small graphs g located there, but only the “individual” graphs located “near”
each arc or vertex. The individual number of small graphs g located near an arc or vertex is
defined as a number of such graphs containing this vertex or arc; hence this number is
expressed by an integer. By proceeding in this way, we obtain precisely as many integers

specifying the part of interest to us, as there are arcs or vertices in it, and each integer

represents a “local” saturation of the graph G by small graphs ¢ .

On the basis of these integers there can be many ways of defining the saturation of part of
a graph. It is possible to calculate their mean value, their variance, etc. Here we shall

consider the simplest characteristic, namely the least of all the local numbers of small graphs

g located in the selected part of a large graph G . Figuratively speaking we can say that this
is the number of subgraphs of G in the “emptiest” place.

Below we present an exact formulation of the problem of determination of the parts of a
large graph G that have greatest saturation with small graphs g. This problem can be

formulated as follows: among all possible parts of a graph G (or among the largest number

of such parts), find the part in which the least of all the local numbers of a small graphs g

that are entirely contained in it is maximal.



It is natural to expect that in the thus-obtained part it is possible to locate in the usual

manner a large number of small graphs g . Indeed, at each vertex or arc the number of small
subgraphs g is not less than at the vertex or arc at which this number is minimal. On the
other hand in an external part this minimal number is nevertheless sufficiently large; we

especially selected this part in such a way that the condition of global maximum of the

minimum local number of graphs g is satisfied.

In the same way it is possible to formulate the problem of determination of the least
saturated part of a graph G by small graphs g . In this case each part will be characterized
by a number of subgraphs of g at the vertex or arc at which this number is maximal. Instead
of seeking the graph part in which the minimal local number of graphs g is maximal, we
seek on the contrary the part in which the maximal local number is minimal. In this case the
number of subgraphs of g at each vertex or arc will not be larger than their number at the
“maximal” vertex or arc, this number being small by virtue of the condition of global

minimum.

Let us note yet another advantage of the above-defined external parts of graphs. As a rule,
the saturation or non-saturation of these parts by small graphs is “uniform.” Usually a
saturated extremal part cannot have an especially least number of graphs g at any vertex or
arc, since the part of the graph G without this vertex or arc is apparently more saturated with
subgraphs of g in the above-mentioned “complex” sense. Conversely, for the same reason

an unsaturated extremal part cannot have an especially large number of subgraphs of g at

any one arc or vertex.

The procedure of selection of parts of graph developed in this paper is based on the
concept of a monotonic system. In considering actual applications of this technique, we must
be able to calculate the number of distinct subgraphs of g located at any given part of the
large graph G . This is not a simple problem, but many investigators dealing with the theory
of graphs have considered the calculation of distinct parts of a graph, such as Euler circuits,
regular trees [5], simple chains (paths) [7], and simple circuits [8]. Hence we possess a
highly developed technique of calculation that can be used for finding the extremal parts of

graphs as defined above.



Among the meaningful problems that can be solved with the aid of the method developed
here, let us note the problem of selection, from family of n object that have to be ordered, of
the most unordered (unmatched), or of the most (ordered) (matched) sets of objects. As a
matter of fact, in the same way as in [9] we can take as a measure of compatibility the
number of transitive triples, and as a matter of incompatibility the number of cyclic triples.

In our terminology, cyclic and transitive triples are certain small graphs.

Such a development of monotonic systems on graphs can be used, for example, in finding
the “bottlenecks” of operational systems described in the language of modules [10]. In such
large systems it is not so easy to orient oneself in the hierarchy of mutually generating

modules, and to understand the principal manners of construction of working programs.

2. General Model of Finding Kernels on Graphs

For a given graph G let us denote by V(G) or V the set of its vertices. The set of arcs of
a directed graph G will be denoted by U(G) or U, and the set of edges of an undirected
graph will be denoted by E(G) or E.

In graph theory we use the concept of a subgraph of a graph G . A graph G' is a subgraph
of a graph G =B/(G),U(G)] if V(G')OV(G) and U(G') is the set of those and only
those arcs of G that connect pairs of vertices belonging to V(G' ). The definition of a set of
subgraphs of an undirected graph has the same form. Instead of an arc, we must consider in
this case an edge of G . Sometimes one uses the concept of part of a graph G . A part G" of
a graph G = B/(G )WU(G )] is a graph such that V(G" )OOV (G) and U(G" )OU(G).In G"
some of the arcs of the graph G are simply absent. In the same way we can define a part of

an undirected graph G = B/(G ),E(G )] . Let us note that one of the most important concepts
in this paper is the isomorphism of graphs [6].
The construction described in [1] begins with the specification of the elements of a system

W . In graphs there exists two structural units — vertices and arcs. First of all let us consider

the case that as an element of the system W we take a vertex of a graph G .



In accordance with the construction proposed in [1] it is necessary to define the concept of
@ and © actions over vertices (elements) of a system. The definition of @ action and ©
action requires the assignment of special significance function 7T of the vertices of G. As a
result of @ actions the significance of vertex in a system must increase, whereas the ©

actions decreases the significance.

The construction carried out in [1] requires numerical arrays (weights) on each subset H
of elements of the system W . In [1] we have shown that for this purpose we need an initial

weight array on W and a method of realization of @ and © actions. The initial weight array

{Tl(a )| a DV} can be defined, for example, as follows. In addition to a “large” graph G, let
us consider also a “small” graph g . Let us calculate the number of distinct subgraphs of G
that are isomorphic to a graph g whose set of vertices contains the vertex o . Let us take
this integer as the initial significance level 7(a ). For emphasizing the dependence of the
just-introduced level 7(a) of “small” graphs, we shall also use the expression “the weight

m(a) of avertex a in the graph G with respectto ¢ .”

Below we present two operations of generation new graphs from a graph G ; they are

denoted by @ and ©. Let us consider a graph G and let A be en empty graph, i.e., a graph

that does not contain any arc, but which has |V(G ) | ! vertices. It is assumed that V(A) is
an exact copy of V(G), and in referring to a vertex @ we have in mind a vertex of graph

G, through it apparently can be of two sorts, namely as a vertex of G and as a vertex of A.

An operation of type © with a vertex a in the graph G consists of removal of all the arcs

leading to a vertex a of G.

An operation of type €@ with a vertex a in the graph G consists of restoring on an empty

graph all the arcs leading to a vertex a of G.

! ||V| | is the number of elements of the set M



It is easy to see that as a result of the © operation on any vertex a , the weights of all the
other vertices with respect to a selected small graph g are either decreasing, or the at least
remain at the previous level. In realizing the © operation, there naturally arises the question

of what can be regarded as a weight of vertex after its realization.

This problem can be solved by the following construction. On the graph A we calculate
the proper weights of the vertices with respect to a small graph g and we add them together
with the weights on the vertices of G . The thus-obtained sum is taken as a total weight of
the vertices. In this case we can observe the opposite effect; i.e., as a result of & operation
the total weights either increase or they remain (as in case of © weights) at the previous
level. In general the initial array of weights {Tl(a )| a DV} (i.e., the array of weights prior to
any operations) on the vertices of the graph G can be taken as a total array of weights, since

the contribution of the graph A is zero. Below we shall consider only the total weights

r(a ) of graph vertices that are called weights in the above sense.

Summing up, we can say that a © operation is equivalent to defining a © action on
elements of the system W, whereas €@ operation is equivalent to @ action if we take the
above-defined total weights as significance levels of the vertices of the graph G . Thus the
monotonicity inequalities are satisfied in the above scheme, this being the principal property
of monotonic systems [1].

In constructing the sets of weight arrays of the system W it is necessary to indicate in

which manner the above-calculated array of initial weights {Tl(a )| a DV} is redistributed as
a result of @ and © actions.
Suppose we have specified a sequence of vertices d,,d,,0,,... forming the set H OV 2,

Let us successively perform @ actions on the vertices of the graph G in accordance with
this sequence. As a result we obtain on the set V(A) a part of the graph G . At each vertex
belonging to V() in this part it is possible to calculate the number of subgraphs of the part

that are isomorphic to a small graph g, and obtain the weights on the elements of the set H .

% In contrast to the general model described in [1], we do not allow here the repetition of elements Of i - The set

H is the complement of H .



Following the notation used in [1], we can write that a new significance function has been

defined on H that has the form

T T (1)

a, ta, tay

and which has been constructed from the initial array of weights { ma )| a DV}.

Thus by specifying a sequence of vertices <0{1 ,a, ,> forming the set H , we obtain on H

a weight array specified by the function (1). This array denoted by /1 *H and called a

weight array on the set of vertices H . The weight arrays form a collection of weight arrays

{I7 H | H DV}. Sometimes it is convenient to use the expression “collection of & arrays

with respect to a small graph g.”
The collection of weight arrays {I7 "H | H DV} can be defined in a similar way. As

above, the array of weights /1 "H is defined by the function

T TT 7T, 2)

a o, tag
and specified on the part of the graph G left over after applying a sequence of © actions to
the vertices @,,d,,d,..., forming the set H . Let us only note that the array of weights on
each subset H [JV is actually a proper array of the remaining part, and not the total array,

since in this case the contribution yielded by the graph A is equal to zero.

Let us continue the construction of the procedure (needed below) of finding extremal
subsystems (kernels). In contrast to the foregoing, we shall take an arc as an element of the
system. The system W will be defined as an interrelated set of arcs U(G) of the graph G .
Following [1], it is necessary to specify €@ and © actions on the arcs of the graph G ; as in
the case of a system of vertices, this requires the determination of the initial significance

function 7T of arcs in the graph G .

Let us consider a small graph g. We shall calculate the number of distinct subgraphs of
the graph G that are isomorphic to a graph g whose set of arcs contains the arc a . This
integer is taken as the initial significance level 71(a) of the arc a in the graph G, and it is

called the weight of the arc a with respect to the graph ¢ .



The concept of @ and © actions on arcs of the graph G can be defined constructively and
exactly according to scheme similar to the one used for the vertices of the graph G .
Let us consider a graph G and let A be an empty graph with |V(G )| vertices. We shall

assume that the set of vertices V(A) is an exact copy of V(G).

An operation of type © on an arc a of a graph is called an operation of removal of this arc

on the graph G .

An operation of type @ on an arc a is called an operation of restoration of this arc on an
empty graph A.

At the first let us consider the © operation. It is evident that as a result of removing the arc
a , the initial array of weights with respect to a small graph g can either decrease or remain
at the previous level. A decrease in significance (weights) proves that the © operation is
equivalent to the definition of a © action on an element of the system W .

Let us specify a sequence a,,d,,d;,... of distinct arcs of the graph G that form a set
H OU(G). Let us perform © actions on the arcs of the graph G in accordance with this
sequence. As a result, a certain part of the graph G is left over on the set of vertices V(G);
the elements of this part are the arcs of the set H, H OU(G). For each arc a[OH let us
calculate the number of subgraphs that are isomorphic to ¢ ; this number is assumed to be

the value of the weight of the element a with respect to the set H . In accordance with our

notations, this method of determination of weights specifies a function 7, 17, 7, ... on the
elements (arcs) of the set H .

Thus, just as in case of assignment of collections of weight arrays on vertices of a graph,

we obtain on the arcs belonging to H JU(G) a weight array {7T_H | HOU(G )} on the

arcs of the graph G . We shall use also the expression “© collection of weight arrays of ©

actions on arcs with respect to a small graph g.”



The determination of [] actions on the basis of [] operations over an empty graph A

requires a more detailed analysis. Suppose we have again specified a sequence a,,q, ,d,,...

of arcs of the graph G that form a set H . Let us successively perform [J operations on arcs

of the set H . As a result we obtain on the set of vertices V() a part of the graph G with a

string of arcs equal to H . Previously we calculated with the aid of a model at the vertices
the total weight of each vertex a [JV(G). In the present case we try to proceed in the same
way and calculate the total weight of the arcs forming the set H . The arcs of the set H are
not drawn on the graph A, and there naturally arises the question of how to calculate the
number of subgraphs that are isomorphic to a graph ¢ and that contain an arc a , which is
absent on the graph A . We shall proceed as follows: we shall assume that this arc has been
fictitiously drawn only at the instant of calculation of subgraphs. Thus we obtain on the set
of arcs H certain integers that depend both on the graph G and on the part of the graph G
that appears on the empty graph A . These numbers are the sum of two arrays of numbers,
1.e., of the initial array of weights on the arcs of the graph G with respect to the small graph
g, and the array of weights with respect to this same graph g, but calculated only on the

just-mentioned part.

In the manner described above we determine on the set H a function 711, 77, 71, ... that

specifies a weight ® array /7" :{IT+H(0{ )| all H}. Thus also in case of & operations we
can determine a collection of weights arrays of @ actions with respect to a small graph g. It

is justified to use the expression “@ action,” since the total weights of elements not yet

subjected to @ action can either increase or remain at the same level.

3. Hlustrative Examples on Directed Graphs

A graph G of partial ordering is defined as a binary relation G with the following
properties:
a) reflexivity, i.e., if a OV (G), then aGa . The graph G has a loop at the vertex a .

b) transitivity; if there exists an arc (OI,B) and (B,y), then the graph G has an arc
(a,y), or from a G B and B Gy it follows that a G y .



A complete order is defined as a graph of partial ordering in which any pair of vertices a

and B is connected by an arc.

It is possible to formulate the following problem: in a given directed graph it is required to
find the (in certain sense) most “saturated” regions that are “close” to a graph of partial

ordering or to graphs of complete ordering. This problem will be solved by a method of

organization (on a graph) of a monotonic system with subsequent determination of kernels.

b
h

In accordance with the scheme of organization of a monotonic system on graphs described
in the previous section, it is necessary to assign a small graph ¢ . Suppose that this graph
consists of three vertices X,y,z, and it is such that U(g)={(x,y).(y,2),(x,z)}. The graph

has a total of three arcs (a transitive triple).

Now let us consider the assignment of collection of weights arrays at the vertices of a

graph shown in Fig.1. The loops on this graph have been omitted.

According to the scheme of assignment of collections of weight arrays at the vertices of a
graph, it is required to determine an initial array of weights {Tl(a )} , where a =123,...7.
According to the method of calculation of the values 7(a ) with respect to the graph g (a
transitive triple), we obtain (1) =3, m(2)=2, m(3)=2, m(4)=7, m(5)=4, m(6)=3,
m(7)=3. As an example, let us determine a weight array on a subset of vertices
H :{1,2 3.4 ,5} . By successively performing © actions on the set H :{6,7 } , we obtain on
the set H a new weight array (1) =3,m(2)=2,m(3)=2,m(4) =4, 1m(5) =1.

10



The values of the function 77, 7T, can be obtained in a similar way, but for this purpose it is

necessary to use the assignment of collections of total & arrays with respect to a transitive

triple. According to Fig.2, the values of this function in their order at the vertices {1,2 34 ,5}
are as follows: m(1)=3,7(2)=2,m(3)=2,71(4)=8,1m(5) =4. In exactly the same way we
can determine on any subset H of vertices V = { 12345 ,6,7} a proper weight array of [J or

© actions with respect to a transitive triple.

® @ ®

Now let us consider a construction that is assigned not on vertices, but on the arcs of the

graph presented on Fig.l. In this case the set of elements of the system W will be

U(G) ={ a,b,c,..nm } As the small graph g we shall take the same graph as above, with a
set U(g) ={ (x.y).(y.2).(x.2)}.

By analogy with the foregoing, we realize the construction in the same succession. We

determine an initial weight array {7‘1(0{ )| a U } on the arcs of the graph G in accordance

with the general scheme. We find that

m(a)=Lm(b)=1n(c)=Ln(d)=Lm(e)=2mn(f)=3,
n(g)=2n(h)=2,m(k)=2n(n)=2,m(m)=1Lm(v)=3,m(p)=2
As an example, let us now perform © actions on the arcs f,k and m, i.e., on the set
H ={ f,k,m}.On the set H we hence obtain
m(a)=1m(b)=0,m(c)=1Lm(d)=1m(e)=2
m(g)=0,mh)=0,m(n)=0,m(v)=2,1(p)=2.
In accordance with the adopted system of notations this array of numbers will be denoted
by 1 "H . For obtaining a /1 H array, we must calculate the total weights. The dashed

lines in Fig.3 represent the arcs of graph A that experience the effect of @ actions

performed on the arcs f k and m.

11



According to Fig.3, the total weight array will be as follows:

ma)=Lmb)=1Ln(c)=1Lm(d)=1m(e)=2
m(g)=3,m(h)=2m(n)=3,m(v)=2m(p)=2

n
.—-'<1:|-\-H‘\
I

Fig. 3
Thus on any subset H of arcs of the graph shown in Fig.1 we can construct the weight

arrays [1"H and 17H.

Next we describe the procedures of construction of determining sequences of & or ©
actions, at first for vertices, and then for arcs of the graph shown in Fig.1. The construction is
carried out for the purpose of illustrating the concepts of @ or © kernels of the monotonic

system [1], and also for ascertaining the effect of the duality theorem formulated in [2].

Let us consider an example in which © weight arrays are assigned at vertices with respect
to a transitive triple. According to the scheme prescribed in [2], the procedure of
construction of a determining © sequence of vertices of a graph on the basis of © actions

(the kernel-finding procedure KFP) consists of two steps (the zero-th and the first step) for

the graph shown in Fig.1; it yields two subsets [, ,[,” OV(G), where

ry =v(G)={123,..7}, r,; ={456,7} , and the thresholds u, =2, u, =3.

The determining sequence of vertices constructed with the aid of © actions is as follows:

. =(321456,7). Thus on the basis of Theorems 1 and 3 of [1], and of Theorem 1 on KFP

in [2], it can be asserted that the set {4,5,6,7} is a definable set of vertices of the graph

shown in Fig.1, and hence this set is the largest K€ kernel.
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Now let apply the KFP for constructing a @-determining sequence. We find that

a, = { 456,712 ,3} . The procedure terminates at the third step, and it consists of four steps,
namely the zero-th, the first, the second and the third. According to the construction of @
sequences prescribed in the KFP, we produce the sets [ j+: r, :{ 456,712 ,3} ,
r :{5,6,7,1,2,3} , I, :{6,7,1,2,3} , Iy :{2,3} and a sequence of thresholds u, =7,

u =4, u,=3, u;=2. As in the case of a © sequence, we conclude on the basis of

Theorems 2 and 3 of [1], and of Theorem 1 of [2], that {2,3} is the largest K® kernel of the
system of vertices of the graph in Fig.1.

A careful analysis of Fig.1 shows that the K® kernel is in fact completely ordered, i.e.,
(456,7). On the other hand the K® indicates from the point of view of the “structure” of a

graph the region in which the vertices are least ordered. This is in agreement with the our

formulation of the problem of finding kernels as representatives of “saturated” or
“unsaturated” regions (parts of a graph) with small graphs g .

Now let us use the KFP for constructing determining sequences of arcs of the graph in
Fig.1. The graph has a total of 13 arcs. After applying the KFP, we obtain on the basis of ©

actions the following sequence:
a_= <a,b,c,d v.enp,f ,k,n,m,h,g> )

The procedure terminates at first step and it consists of two steps, namely the zero-th step
and the first step. At the zero-th step we have ;" =U(G), and at the first step we have

r; :{ f ,k,n,m,h,g} , with the thresholds u, =1 and u;, =2 respectively. Summing up, we
can assert on the basis of the results of [1] and [2] that this is a definable set and at the same

time the largest K® kernel in the system of arcs.

From the point of view of the graph structure, the application of the KFP to arcs in the

construction of a ©-determining sequence does not yield anything new compared to the
application of the KFP to vertices. We obtain the same complete order <4,5,6,7> represented

in the form of a string of arcs, and it also corroborates our assertions concerning the

saturation of a K© kernel by transitive triples. On the other hand the use of KFP for

constructing @-determining sequence of arcs yields a K® kernel

r;* ={k,m,n,g,he,p.b,ac,d},
whose meaning with regard to “non-saturation” with transitive triples cannot be ascertained.
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Below we shall illustrate the peculiar features of using the duality theorem from [2] for

finding K€ and K® kernels of a monotonic system specified by vertices or arcs of a directed

graph.
At first let us consider the monotonic system of vertices of the graph in Fig.1. The

sequence of sets <I' j+> specified by the KFP on the basis of & actions uniquely determines
the sets V\ " ={4}, v\, ={45}, v\, ={14567}. Above we have found that
F.(I,")=u, =3. From the construction of a determining sequence &@_ of vertices of a
graph we know that F_{ 4,5,6,7} = 3. Hence by virtue of Corollary 1 of Theorem 1 of [2] we
can assert already after the second step of construction of an &, sequence that the set

{ 1456 ,7} contains the largest K® kernel. Thus we have shown that the sufficient conditions

of the duality theorem of [2] are satisfied in the example of the graph represented in Fig.1.
Now let us consider the set V \ I~ :{1,2,3} . As was shown above, inside this set there

exists a set [, ={23} such that F,(/,")=2. On the other hand, F_(I,”) =3. By virtue of

Corollary 4 of the duality theorem we can assert that set {1,2,3} contains the largest K®

kernel of the system of vertices of the graph (Fig.1); this likewise confirms that existence of

the conditions governing the theorem.

At last let us consider a collection of weight arrays on the arcs of the graph. The
determining @, sequence of arcs specifies a set " ={ k,m,n,g,h,e,p,b,a,c,d } It is easy to
see that inside the set U \ ;" there does not exist a set H as required by the conditions of
Corollaries 1 and 2 of the duality theorem in [2]. This shows that in comparison to arrays on

vertices, weight arrays on arcs do not satisfy the duality theorem.

4. Methods of Constructing of Monotonic Systems on a Special Classes of Graphs

In contrast to the previous section, we do not carry out here a detailed construction of
collections of weight arrays and determining sequences and kernels on any illustrative
example. Here we shall show how to select a small graph g and © and © actions so as to
match the selection of these elements with the desired “saturation” of the investigated graph.
The desired saturation of a graph can be understood as the saturation desirable for the
investigator who usually has a working hypothesis with respect to the graph structure. In
view of this, we shall consider the following classes of graphs: tournaments, a-cyclic

(directed) graphs, and (directed or undirected) trees.
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Let us recall the definitions of these classes of graphs. A tournament is a directed graph in
which each pair of vertices (X,y) is connected by an arc [6]. An acyclic graph is a graph
without cycles (in case of an undirected graph), and a graph without circuits (in case of a
directed graph). Acyclic undirected graphs are trees, and we shall consider the most general

class of trees, as well as the class of directed trees.

In tournaments it is appropriate to consider regions of vertices that are “saturated” with
cyclic triples. A cyclic triple is a graph g such that V(g) :{ X,y,Z} ,
u(g) ={ (X,y),(y,z),(x,z)} . It can be assumed that a tournament in which there exists such
a region represents a structure of the participants of the tournament. This structure is
nonuniform; i.e., there exists a central region (set) of participants who can win against the

other players, but they are in neutral position with respect to one another.

For solving the above problem, we propose the following exact formulation in the
language of monotonic systems. In Section 2 we have considered weight arrays on vertices
and arcs of a graph. Now let us consider the above models on vertices or arcs in a certain
order. In both models we take a cyclic triple as the small graph g with respect to which the
1T function is calculated. Suppose that the methods of assignment of collections of weight
arrays on vertices are the same as in Section 2. It is possible to modify this scheme by taking
as a ©-action on the vertex o the removal of all arcs of a tournament that originates at o ,
whereas @-action is the restoration of all the arcs in the graph A that originate at a . In
Section 2 we performed the opposite operation, i.e., the removal of incoming arcs and the

restoration of these same incoming arcs.

The assignment of weight arrays on arcs of a tournament graph must be carried out in
accordance with a scheme similar to that described in Section 2. Within the framework of the
theory it is apparently impossible to decide whether the scheme of determination of kernels
on arcs of a tournament is preferable to the scheme using vertices; therefore, it is necessary
to carry out computer experiments. There exists only one heuristic consideration. If in a
tournament there can exist several central regions saturated with cyclic triples, it will be
preferable to use the scheme of determination of kernels on the arcs of tournament, since
these regions can be found. The model based on vertices makes it possible to find a kernel
that consists also of regions, but it does not permit finding an individual region. We do not

possess a string of arcs representing these regions.
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Acyclic directed graphs are a convenient language for describing operation systems [10].
An operation system can be regarded as a system of modules and interpreted as a library of
programs. Each working program is a path in an acyclic graph, or, in other words, the set of
modules of a library needed at a given instant. The modules are called one after another if
not all of them can be stored in the main memory. In case of a library of a large size, there
naturally arises the question of fixing the modules on information carriers. Prior to solving
this problem, it is appropriate to ascertain the “structure” of an acyclic graph of a library of

modules.

For ascertaining the structure of a graph and for just-mentioned task of fixing the modules,
we have to find the principal (nodal) vertices or arcs. The nodes are the “bottlenecks” of

graphs or, in other words, the modules that occur in many working programs.

Fig. 4 Fig. 5

We shall now formally describe this problem with the aid of a model of organization of a
monotonic system on a graph. As a small graph we shall take directed graph in Fig.4. The
structure of this graph is in accordance with the above definition of bottlenecks of the acyclic
graph under consideration. It is possible to construct a monotonic system also on the arcs of
an acyclic graph of a library of modules. The collection of weight arrays must be defined
with the respect to the graph on Fig.4, and the © and © actions must be defined in
accordance with the general scheme of Section 2. After this it is necessary to use the
procedure of finding vertex kernels or arc kernels which in conjunction must indicate the
bottlenecks in accordance with the above definition. As in case of tournaments, which a

monotonic system is preferable of arcs or vertices requires experimental checking.
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In comparison to the two previous examples, the last example does not have the aim of
associating the application or description of any actual problem with tees. Our aim is to try
and find in a tree a region, which in some sense is more similar to “cluster” than any other

part of the tree.
At first let us consider undirected trees. We shall use a model of organization of a
monotonic system on the branches of a tree. As a small graph g we shall take the graph

shown on Fig.5. As in the case of assignment of collections of @ and © weight arrays on
arcs, we assign the corresponding @ and © arrays with respect to the graph shown in Fig.5.
The ® arrays appear as a result of © actions (removal of edges), whereas the @ arrays result
from @ actions (restoration of edges on empty graph A ) by calculating the total weights of

the tree G and its copy on A. As an example we presented in Fig.6 the © and © kernels of

this tree. Together with each edge we indicated the number of subgraphs g that contain this

edge and which are isomorphic to the graph shown in the Fig.5.

3 9 + K*
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Fig. 6

Now let us consider directed trees. If it is of interest to separate “clusters” in a directed

tree, we shall proceed as follows. Let us consider the following small graphs: g,, g, and g,

(see Fig.7).
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Fig. 7

The weight function 7T on a directed tree can be calculated separately with respect to each
small graph ¢,, g, and g,; then the values of all these three functions can be added up (a
linear combination), thus yielding the overall function with respect to the graphs ¢,, g, and
0, . In the same way we can assign a monotonic system on arcs of a tree if © action signifies
the removal of an arc of a tree, and & action the restoration of an arc on a copy of given tree
on A . Thus we can pose on directed trees a similar problem of finding cluster kernels. Let
us note that we use in the last example with trees a more general model of assignment of
collections of weight functions with respect to a series of small graphs. The model in Section
2 has been presented for one graph ¢ . A collection of weight arrays with respect to a series
of graphs has also the property of monotonicity, and apparently such a model is more

interesting in solving problems of determination of “saturated” parts of graphs.

The author expresses his gratitude to L.K. Vohandu for his assistance and steady interest

and to E.M. Braverman and I.B. Muchnik for valuable advice and remarks.
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