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Abstract 

 

An attempt is made to find parts of a given graph that are more “saturated” than any other 

part parts with “small” graphs of the same type. On the basis of such a formulation, 

constructing a monotonic system from structural elements of graphs (arcs or vertices) solves 

this problem. The scheme of producing a monotonic system from a given graph is presented 

in general form, and the necessary constructions are illustrated by examples. This paper is a 

continuation of [1] and [2]; it has the purpose of illustrating the procedures (developed in the 

first two parts) of finding extremal subsystems for solving certain problems arising in 

tournaments, a-cyclic graphs, and undirected and directed trees. 
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9KCTPEMANbHbIE NO,qChCTEMbI MOHOTOHHbIX ChCTEM. III
h. 9. MyflAAT

(Tannunl

PaccuatprBaercff BoaMolr{Hafi rrocrarroBna BaAaqtr BbrgeJreglrs sacreft us
SaAalrEoro rpa{pa, boJlee (Eacblqeulrblx)), qeM Harire-.nn6o Apyr[e qacrg,
oAEorunEbIME ((MaJrbruu> rpaQauu. Pemesze oroft Bagaqlr, ucriogx uB trpeg-
noxeuuoft [ocraEoBnrr, ocyqecrBJl.Eercff_tryreM o6paaonauun uonoronnofi
cEcTeMbr Ha crpyKTypEblx gJIeMeHTax rpaQon (gyrax_lr.nrr Beprrrrgax). Cxeua
o6paaonaulrs uonorbusoft cncreMbr rra BaAaHHoi:o rpa$a "p"u-on"ras'" o6qelr
BEAe, U UeO6XO4rrMbre noEcrpyrqull tro.scH.srorcfl Ea trpr.rMepax.

Pa6ora ffBJr.fiercs npogo.nxtenl{eM [L,2] rr oprreuTapoBaHa Ea r(Jrnrocrpa-
qtrro pasBEToro TaM atrtrapaTa BblAeJrerrrrfl aRcTpeMaJrbHbrx troAcECreM [Jrfi pe-
IIIeEIIff EeKOTOpLIx saAaq' BOBEuKaK)qtrx B TypEtrpax, aq[nrEqecnrx rpa(pix,
EeoptreETnpoBaEEhrx r optreETupoBaHEbrx AepeBbflx.

It o6reHTaM, r( KoropbrM B Eacro.flqee BpeMfl TpoflBJrffeTcfl trETepec trccJre-
AoBareJrefi crornsbrx ctrcreM, oruocflrcfi. rptsbr tBl: c oAEofi cropou;, rpa(p -
MareMaTtrnecRtrfi o6renr, a c Apyroii - y4o6uoe cpeAcrBo orrucaguff u agalru3a
B3auMoSaBucuMocTefr ntexgy DJreMeHTaMr4 B cucreMe. B cnyuae cucreM c Ee-
6olruruu qtrcroM aJreMetrroB aEaJIuB rpa$on Ee rrpeAcraBJrfler EtrnaKEx Tpy[-
noCreft, EO' ItoIAa quCIO SJIOM€IITOB BeJIuItO, BOSEUKaTOT upO6UeMbI.

B gauuofi pa6ore rpeAJraraerc.s._aEaJrEB rpa$a aaru""r" trocJreAoBareJrb-
EbrM aEaJrusoM BbrAeJlfleMbrx uB rpa$a qacreft. B reopuu rpa$on zueercs 6o-
raTLrfi arnapar BhrAeJreEE.fl rroArpar[on, qacreft tr T. 

-tr., 
oanano trptr aEaJrEBe

6onrurux rpaSon He BcerAa yAaercfl KJraccuqecnue Merogbr cBflBarb c KogftpeT-
HbrMu HylKAaMtr rrccJleAoBareJr.fl. Tlasectso, EatrpuMep, qro DKctrepzMeETaJrE-
Hue rpafbr IIoBoJrbHo [ycrr,re r rroaroMy coAep]fiar Mgoro MancuMaJrbgbrx rroJr-
HbIX-IIOATPASON, HOTOPBIE RbIAEN,flTb B OTAEJIbEOCTA EET CMbICJIA.

C uaurefi TosKu BpeHEfl, trpurognbrft aunapar BbrAe"reurd.B qacreft n rpa6e
MOII{]HO IIO"TTJ IfiTL' CCJII4 BOCtroJIbsoBaTI'Cfl IIOHflTI{0M MOEOTOiHHOft CIICTeU1 [ 1] .
,{eno B ToM, qro rra rpa$a Mo}nuo o6paaonarb rre oAEy, a M,Eo}fiecTBo MoEo-
ToHlrr,rx crrcreM r{ coorBercrBeHno [peAJro]ntrTb He eAr{HcTBeEEoe pertreEue
trocraBJreunofr 3aAas[, a I{eJroe MHorfiecrBo (4ame 6ecxoneqnoe uuo-xrecmo)
pemeuuit - VloctepoBareJrro rpaSa LcJre[]er ni oorrose co6creennoft rlrHryuqtrr
nrr6patr, AorrYcrr4Mrrft rtiracc perrreuwit vt roJrbno BareM y?fie BocrroJrb3oBaTbcfi
p aspa6au,rB ae MbrM 3Ae cb SopmanrnbrM arr[ap aroM.

B paa4e ne 4 trpzBoAflrcn uexotopbre pe^oMe'Aaqrrrr o r,oM, HaH cJreAyer
nrr6zparb RJraccbr peueunft B Kor{Kperrrr,rx cryqafix Ha rrprrMepe rypgtrpoB,
aII[Hrr'{qecKEx rpa6oB' Bo3ur4fiaroqtrx rrprr trcloJrbaoBau rtr TexHtrKu Mo[yJr],-
Horo ilporpaMMupoBaHu.s' AepeBres. B ocraJrr,,Hblx paaAeJrax crpoutca o6qan
MoAeJrr, neo6xo4uuoro atr[apara BbrAeJreFrufl qacrefr, xoropafl uJrJTrocrpupyer-
ctr fiprrMepalarr. TepvnuoJrorntr Teopnn rpafion aarrurcrBoBava rc onoroipi$wn,
t 4 -61 .

1" cogepxarenbHas nocraHoBKa 3agaqh B'geneHhn
rKcrpe^ anbHbtx nogchcTeAt _ effep Ha rpaQax

PaccuorpuM_ ry ypa$ax BaAaqy ra*oro rrrrra: BaAaE <6onrruofi> rpatb G
r4 (MaJlbrfi;l rpa{r f. *Heo6xoArlMo n rpa$e G nr,r4e.uurb ranyro ero "u.ru (rrino-
]fiecrtso Ayt anII pe6ep), vro6r,r ar:a BbrAeJrerrgafl rracrr, 6rrna (Hacbrrrle'aD
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Introduction 

Among the items that are at present of interest to investigators of complex systems, let us 

mention graphs [3]. On the other hand a graph is a mathematical object, and on the other 

hand it is a conventional means for describing and analyzing the relationship between the 

elements of a system. In the case of systems with small number of elements, the analysis of 

graphs does not present any difficulties, but in case of a large number of elements we have 

problems. 

In this paper it is proposed to replace the analysis of a graph by a successive analysis of 

parts of this graph. In graph theory there exist many methods of selecting of subgraphs, 

parts, etc.; however, in the analysis of large graphs it is not always possible to adapt the 

conventional methods to the actual requirements of the investigator. For example, it is well 

known that experimental graphs are fairly empty, and therefore contain many maximal 

complete subgraphs whose individual selection makes no sense. 

From our point of view it is convenient to select the parts of a graph by a method based on 

the concept of monotonic system [1]. As a matter of fact, from a graph it is possible to 

construct not one, but a whole set of monotonic systems. The investigator of a graph must 

select on the basis of its own intuition an admissible class of solutions, and only after that 

will he be able to use the formal method developed here. 

In Section 4 we give some recommendations how to select the classes of solutions in actual 

cases, by using the example of tournaments and a-cyclic graphs that occur in the technique 

of modular programming, as well as trees. The other sections deal with the construction of a 

general model of the required procedure of selection of parts that is illustrated by examples. 

The terminology of graph theory has been adopted from [4 – 6]. 
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1. Formulation of Problem of Selection of Extremal Subsystems (kernels in graphs) 

Let us consider the following problem on graphs. We are given a “large” graph G  and a 

“small” graph g . From the graph G  it is required to select a part (i.e., a set of arcs or edges) 

in such a way that this part is “saturated” with small graphs g . The saturation part of a graph 

with small graphs g  can have different interpretations. For example, it can be assumed that 

one part of a graph is more saturated than another part if the first part contains a large 

number of graphs g  as compared to the second. The definition of saturation can be also 

obtained in the following “complex” manner. Let us consider a set of arcs or vertices of a 

graph G  that occur only in the part of interest to us. That then we can calculate not the total 

number of small graphs g  located there, but only the “individual” graphs located “near” 

each arc or vertex. The individual number of small graphs g  located near an arc or vertex is 

defined as a number of such graphs containing this vertex or arc; hence this number is 

expressed by an integer. By proceeding in this way, we obtain precisely as many integers 

specifying the part of interest to us, as there are arcs or vertices in it, and each integer 

represents a “local” saturation of the graph G  by small graphs g . 

On the basis of these integers there can be many ways of defining the saturation of part of 

a graph. It is possible to calculate their mean value, their variance, etc. Here we shall 

consider the simplest characteristic, namely the least of all the local numbers of small graphs 

g  located in the selected part of a large graph G . Figuratively speaking we can say that this 

is the number of subgraphs of G  in the “emptiest” place. 

Below we present an exact formulation of the problem of determination of the parts of a 

large graph G  that have greatest saturation with small graphs g . This problem can be 

formulated as follows: among all possible parts of a graph G  (or among the largest number 

of such parts), find the part in which the least of all the local numbers of a small graphs g  

that are entirely contained in it is maximal. 
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It is natural to expect that in the thus-obtained part it is possible to locate in the usual 

manner a large number of small graphs g . Indeed, at each vertex or arc the number of small 

subgraphs g  is not less than at the vertex or arc at which this number is minimal. On the 

other hand in an external part this minimal number is nevertheless sufficiently large; we 

especially selected this part in such a way that the condition of global maximum of the 
minimum local number of graphs g  is satisfied. 

In the same way it is possible to formulate the problem of determination of the least 

saturated part of a graph G  by small graphs g . In this case each part will be characterized 

by a number of subgraphs of g  at the vertex or arc at which this number is maximal. Instead 

of seeking the graph part in which the minimal local number of graphs g  is maximal, we 

seek on the contrary the part in which the maximal local number is minimal. In this case the 

number of subgraphs of g  at each vertex or arc will not be larger than their number at the 

“maximal” vertex or arc, this number being small by virtue of the condition of global 

minimum. 

Let us note yet another advantage of the above-defined external parts of graphs. As a rule, 

the saturation or non-saturation of these parts by small graphs is “uniform.” Usually a 

saturated extremal part cannot have an especially least number of graphs g  at any vertex or 

arc, since the part of the graph G  without this vertex or arc is apparently more saturated with 

subgraphs of g  in the above-mentioned “complex” sense. Conversely, for the same reason 

an unsaturated extremal part cannot have an especially large number of subgraphs of g  at 

any one arc or vertex. 

The procedure of selection of parts of graph developed in this paper is based on the 

concept of a monotonic system. In considering actual applications of this technique, we must 

be able to calculate the number of distinct subgraphs of g  located at any given part of the 

large graph G . This is not a simple problem, but many investigators dealing with the theory 

of graphs have considered the calculation of distinct parts of a graph, such as Euler circuits, 

regular trees [5], simple chains (paths) [7], and simple circuits [8]. Hence we possess a 

highly developed technique of calculation that can be used for finding the extremal parts of 

graphs as defined above. 
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Among the meaningful problems that can be solved with the aid of the method developed 

here, let us note the problem of selection, from family of n  object that have to be ordered, of 

the most unordered (unmatched), or of the most (ordered) (matched) sets of objects. As a 

matter of fact, in the same way as in [9] we can take as a measure of compatibility the 

number of transitive triples, and as a matter of incompatibility the number of cyclic triples. 

In our terminology, cyclic and transitive triples are certain small graphs. 

Such a development of monotonic systems on graphs can be used, for example, in finding 

the “bottlenecks” of operational systems described in the language of modules [10]. In such 

large systems it is not so easy to orient oneself in the hierarchy of mutually generating 

modules, and to understand the principal manners of construction of working programs. 

2. General Model of Finding Kernels on Graphs 

For a given graph G  let us denote by )G(V  or V  the set of its vertices. The set of arcs of 

a directed graph G  will be denoted by )G(U  or U , and the set of edges of an undirected 

graph will be denoted by )G(E  or E . 

In graph theory we use the concept of a subgraph of a graph G . A graph 'G  is a subgraph 

of a graph [ ])G(U),G(VG =  if )G(V)'G(V ⊂  and )'G(U  is the set of those and only 

those arcs of G  that connect pairs of vertices belonging to )'G(V . The definition of a set of 

subgraphs of an undirected graph has the same form. Instead of an arc, we must consider in 

this case an edge of G . Sometimes one uses the concept of part of a graph G . A part "G  of 

a graph [ ])G(U),G(VG =  is a graph such that )G(V)"G(V ⊆  and )G(U)"G(U ⊆ . In "G  

some of the arcs of the graph G  are simply absent. In the same way we can define a part of 

an undirected graph [ ])G(E),G(VG = . Let us note that one of the most important concepts 

in this paper is the isomorphism of graphs [6]. 

The construction described in [1] begins with the specification of the elements of a system 

W . In graphs there exists two structural units − vertices and arcs. First of all let us consider 

the case that as an element of the system W  we take a vertex of a graph G . 
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In accordance with the construction proposed in [1] it is necessary to define the concept of 

⊕ and ⊖ actions over vertices (elements) of a system. The definition of ⊕ action and ⊖ 

action requires the assignment of special significance function π  of the vertices of G . As a 

result of ⊕ actions the significance of vertex in a system must increase, whereas the ⊖ 

actions decreases the significance. 

The construction carried out in [1] requires numerical arrays (weights) on each subset H  

of elements of the system W . In [1] we have shown that for this purpose we need an initial 

weight array on W  and a method of realization of ⊕ and ⊖ actions. The initial weight array 

{ }V)( ∈ααπ     can be defined, for example, as follows. In addition to a “large” graph G , let 

us consider also a “small” graph g . Let us calculate the number of distinct subgraphs of G  

that are isomorphic to a graph g  whose set of vertices contains the vertex α . Let us take 

this integer as the initial significance level )(απ . For emphasizing the dependence of the 

just-introduced level )(απ  of “small” graphs, we shall also use the expression “the weight 

)(απ  of a vertex α  in the graph G  with respect to g .” 

Below we present two operations of generation new graphs from a graph G ; they are 

denoted by ⊕ and ⊖. Let us consider a graph G  and let Λ  be en empty graph, i.e., a graph 

that does not contain any arc, but which has   )G(V  1 vertices. It is assumed that )(V Λ  is 

an exact copy of )G(V , and in referring to a vertex α  we have in mind a vertex of graph 

G , through it apparently can be of two sorts, namely as a vertex of G  and as a vertex of Λ . 

An operation of type ⊖ with a vertex α  in the graph G  consists of removal of all the arcs 

leading to a vertex α  of G . 

An operation of type ⊕ with a vertex α  in the graph G  consists of restoring on an empty 

graph all the arcs leading to a vertex α  of G . 

                                                           
1 M  is the number of elements of the set M  
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It is easy to see that as a result of the ⊖ operation on any vertex α , the weights of all the 

other vertices with respect to a selected small graph g  are either decreasing, or the at least 

remain at the previous level. In realizing the ⊕ operation, there naturally arises the question 

of what can be regarded as a weight of vertex after its realization. 

This problem can be solved by the following construction. On the graph Λ  we calculate 

the proper weights of the vertices with respect to a small graph g  and we add them together 

with the weights on the vertices of G . The thus-obtained sum is taken as a total weight of 

the vertices. In this case we can observe the opposite effect; i.e., as a result of ⊕ operation 

the total weights either increase or they remain (as in case of ⊖ weights) at the previous 

level. In general the initial array of weights { }V)( ∈ααπ     (i.e., the array of weights prior to 

any operations) on the vertices of the graph G  can be taken as a total array of weights, since 

the contribution of the graph Λ  is zero. Below we shall consider only the total weights 

)(απ  of graph vertices that are called weights in the above sense. 

Summing up, we can say that a ⊖ operation is equivalent to defining a ⊖ action on 

elements of the system W , whereas ⊕ operation is equivalent to ⊕ action if we take the 

above-defined total weights as significance levels of the vertices of the graph G . Thus the 

monotonicity inequalities are satisfied in the above scheme, this being the principal property 

of monotonic systems [1]. 

In constructing the sets of weight arrays of the system W  it is necessary to indicate in 

which manner the above-calculated array of initial weights { }V)( ∈ααπ     is redistributed as 

a result of ⊕ and ⊖ actions. 

Suppose we have specified a sequence of vertices ,...,, 321 ααα  forming the set VH ⊂  2. 

Let us successively perform ⊕ actions on the vertices of the graph G  in accordance with 

this sequence. As a result we obtain on the set )(V Λ  a part of the graph G . At each vertex 

belonging to )(V Λ  in this part it is possible to calculate the number of subgraphs of the part 

that are isomorphic to a small graph g , and obtain the weights on the elements of the set H . 
                                                           
2 In contrast to the general model described in [1], we do not allow here the repetition of elements iα . The set 

H  is the complement of H . 
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Following the notation used in [1], we can write that a new significance function has been 

defined on H  that has the form 

 ...+++
321 ααα πππ  (1) 

and which has been constructed from the initial array of weights { }V)( ∈ααπ    . 

Thus by specifying a sequence of vertices ,..., 21 αα  forming the set H , we obtain on H  

a weight array specified by the function (1). This array denoted by H+Π  and called a 

weight array on the set of vertices H . The weight arrays form a collection of weight arrays 
{ }VHH ⊆+    Π . Sometimes it is convenient to use the expression “collection of ⊕ arrays 

with respect to a small graph g .” 

The collection of weight arrays { }VHH ⊆+    Π  can be defined in a similar way. As 

above, the array of weights H−Π  is defined by the function 

 ...−−−
321 ααα πππ  (2) 

and specified on the part of the graph G  left over after applying a sequence of ⊖ actions to 

the vertices ,...,, 321 ααα , forming the set H . Let us only note that the array of weights on 

each subset VH ⊆  is actually a proper array of the remaining part, and not the total array, 

since in this case the contribution yielded by the graph Λ  is equal to zero. 

Let us continue the construction of the procedure (needed below) of finding extremal 

subsystems (kernels). In contrast to the foregoing, we shall take an arc as an element of the 

system. The system W  will be defined as an interrelated set of arcs )G(U  of the graph G . 

Following [1], it is necessary to specify ⊕ and ⊖ actions on the arcs of the graph G ; as in 

the case of a system of vertices, this requires the determination of the initial significance 

function π  of arcs in the graph G . 

Let us consider a small graph g . We shall calculate the number of distinct subgraphs of 

the graph G  that are isomorphic to a graph g  whose set of arcs contains the arc α . This 

integer is taken as the initial significance level )(απ  of the arc α  in the graph G , and it is 

called the weight of the arc α  with respect to the graph g . 
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The concept of ⊕ and ⊖ actions on arcs of the graph G  can be defined constructively and 

exactly according to scheme similar to the one used for the vertices of the graph G . 

Let us consider a graph G  and let Λ  be an empty graph with   )G(V  vertices. We shall 

assume that the set of vertices )(V Λ  is an exact copy of )G(V . 

An operation of type ⊖ on an arc α  of a graph is called an operation of removal of this arc 

on the graph G . 

An operation of type ⊕ on an arc α  is called an operation of restoration of this arc on an 

empty graph Λ . 

At the first let us consider the ⊖ operation. It is evident that as a result of removing the arc 

α , the initial array of weights with respect to a small graph g  can either decrease or remain 

at the previous level. A decrease in significance (weights) proves that the ⊖ operation is 

equivalent to the definition of a ⊖ action on an element of the system W . 

Let us specify a sequence ,...,, 321 ααα  of distinct arcs of the graph G  that form a set 

)G(UH ⊆ . Let us perform ⊖ actions on the arcs of the graph G  in accordance with this 

sequence. As a result, a certain part of the graph G  is left over on the set of vertices )G(V ; 

the elements of this part are the arcs of the set H , )G(UH ⊆ . For each arc H∈α  let us 

calculate the number of subgraphs that are isomorphic to g ; this number is assumed to be 

the value of the weight of the element α  with respect to the set H . In accordance with our 

notations, this method of determination of weights specifies a function ...−−−
321 ααα πππ  on the 

elements (arcs) of the set H . 

Thus, just as in case of assignment of collections of weight arrays on vertices of a graph, 

we obtain on the arcs belonging to )G(UH ⊆  a weight array { }    )G(UHH ⊆−π  on the 

arcs of the graph G . We shall use also the expression “⊖ collection of weight arrays of ⊖ 

actions on arcs with respect to a small graph g .” 
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The determination of ⊕  actions on the basis of ⊕  operations over an empty graph Λ  

requires a more detailed analysis. Suppose we have again specified a sequence ,...,, 321 ααα  

of arcs of the graph G  that form a set H . Let us successively perform ⊕  operations on arcs 

of the set H . As a result we obtain on the set of vertices )(V Λ  a part of the graph G  with a 

string of arcs equal to H . Previously we calculated with the aid of a model at the vertices 

the total weight of each vertex )G(V∈α . In the present case we try to proceed in the same 

way and calculate the total weight of the arcs forming the set H . The arcs of the set H  are 

not drawn on the graph Λ , and there naturally arises the question of how to calculate the 

number of subgraphs that are isomorphic to a graph g  and that contain an arc α , which is 

absent on the graph Λ . We shall proceed as follows: we shall assume that this arc has been 

fictitiously drawn only at the instant of calculation of subgraphs. Thus we obtain on the set 

of arcs H  certain integers that depend both on the graph G  and on the part of the graph G  

that appears on the empty graph Λ . These numbers are the sum of two arrays of numbers, 

i.e., of the initial array of weights on the arcs of the graph G  with respect to the small graph 

g , and the array of weights with respect to this same graph g , but calculated only on the 

just-mentioned part. 

In the manner described above we determine on the set H  a function ...+++
321 ααα πππ  that 

specifies a weight ⊕ array { }H)(H ∈= ++ ααπΠ    . Thus also in case of ⊕ operations we 

can determine a collection of weights arrays of ⊕ actions with respect to a small graph g . It 

is justified to use the expression “⊕ action,” since the total weights of elements not yet 

subjected to ⊕ action can either increase or remain at the same level. 

3. Illustrative Examples on Directed Graphs 

A graph G  of partial ordering is defined as a binary relation G  with the following 

properties: 

a) reflexivity, i.e., if )G(V∈α , then ααG . The graph G  has a loop at the vertex α . 

b) transitivity; if there exists an arc ( )βα ,  and ( )γβ , , then the graph G  has an arc 
( )γα , , or from βα   G  and γβ   G  it follows that γα   G . 
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A complete order is defined as a graph of partial ordering in which any pair of vertices α  

and β  is connected by an arc. 

It is possible to formulate the following problem: in a given directed graph it is required to 

find the (in certain sense) most “saturated” regions that are “close” to a graph of partial 

ordering or to graphs of complete ordering. This problem will be solved by a method of 

organization (on a graph) of a monotonic system with subsequent determination of kernels. 

In accordance with the scheme of organization of a monotonic system on graphs described 

in the previous section, it is necessary to assign a small graph g . Suppose that this graph 

consists of three vertices z,y,x , and it is such that ( ) ( ) ( ){ }  z,x,z,y,y,x)g(U = . The graph 

has a total of three arcs (a transitive triple). 

Now let us consider the assignment of collection of weights arrays at the vertices of a 

graph shown in Fig.1. The loops on this graph have been omitted. 

According to the scheme of assignment of collections of weight arrays at the vertices of a 

graph, it is required to determine an initial array of weights { }  )(απ , where 7321 ,...,,,=α . 

According to the method of calculation of the values )(απ  with respect to the graph g  (a 

transitive triple), we obtain 31 =)(π , 22 =)(π , 23 =)(π , 74 =)(π , 45 =)(π , 36 =)(π , 

37 =)(π . As an example, let us determine a weight array on a subset of vertices 

{ }54321 ,,,,H = . By successively performing ⊖ actions on the set { }  76 ,H = , we obtain on 

the set H  a new weight array 1544232231 ===== )()()()()( πππππ  , , , , . 
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The values of the function ++
76 ππ  can be obtained in a similar way, but for this purpose it is 

necessary to use the assignment of collections of total ⊕ arrays with respect to a transitive 

triple. According to Fig.2, the values of this function in their order at the vertices { }  54321 ,,,,  

are as follows: 4584232231 ===== )()()()()( πππππ  , , , , . In exactly the same way we 

can determine on any subset H  of vertices { }  7654321 ,,,,,,V =  a proper weight array of ⊕  or 

⊖ actions with respect to a transitive triple. 

Now let us consider a construction that is assigned not on vertices, but on the arcs of the 

graph presented on Fig.1. In this case the set of elements of the system W  will be 

{ }  m,n,...,c,b,a)G(U = . As the small graph g  we shall take the same graph as above, with a 

set ( ) ( ) ( ){ }  z,x,z,y,y,x)g(U = . 

By analogy with the foregoing, we realize the construction in the same succession. We 
determine an initial weight array { }    U)( ∈ααπ  on the arcs of the graph G  in accordance 

with the general scheme. We find that 

 
. , , , , , ,

 , , , , , ,
2312222

321111
=======

======
)p()v()m()n()k()h()g(

)f()e()d()c()b()a(
πππππππ

ππππππ
 

As an example, let us now perform ⊖ actions on the arcs k,f  and m , i.e., on the set 

{ }  m,k,fH = . On the set H  we hence obtain 

 
. , , , ,

 , , , , ,
22000

21101
=====

=====
)p()v()n()h()g(

)e()d()c()b()a(
πππππ

πππππ
 

In accordance with the adopted system of notations this array of numbers will be denoted 

by H−Π . For obtaining a H+Π  array, we must calculate the total weights. The dashed 

lines in Fig.3 represent the arcs of graph Λ  that experience the effect of ⊕ actions 

performed on the arcs k,f  and m . 
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According to Fig.3, the total weight array will be as follows: 

 
. , , , ,

 , , , , ,
22323

21111
=====

=====
)p()v()n()h()g(

)e()d()c()b()a(
πππππ

πππππ
 

Thus on any subset H  of arcs of the graph shown in Fig.1 we can construct the weight 

arrays H−Π  and H+Π . 

Next we describe the procedures of construction of determining sequences of ⊕ or ⊖ 

actions, at first for vertices, and then for arcs of the graph shown in Fig.1. The construction is 

carried out for the purpose of illustrating the concepts of ⊕ or ⊖ kernels of the monotonic 

system [1], and also for ascertaining the effect of the duality theorem formulated in [2]. 

Let us consider an example in which ⊖ weight arrays are assigned at vertices with respect 

to a transitive triple. According to the scheme prescribed in [2], the procedure of 

construction of a determining ⊖ sequence of vertices of a graph on the basis of ⊖ actions 

(the kernel-finding procedure KFP) consists of two steps (the zero-th and the first step) for 

the graph shown in Fig.1; it yields two subsets )G(V, ⊆−−
10 ΓΓ , where 

{ }  73210 ,...,,,)G(V ==−Γ , { }  76541 ,,,=−Γ , and the thresholds 20 =u , 31 =u . 

The determining sequence of vertices constructed with the aid of ⊖ actions is as follows: 

7654123 ,,,,,,=−α . Thus on the basis of Theorems 1 and 3 of [1], and of Theorem 1 on KFP 

in [2], it can be asserted that the set { }  7654 ,,,  is a definable set of vertices of the graph 

shown in Fig.1, and hence this set is the largest K⊖ kernel. 
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Now let apply the KFP for constructing a ⊕-determining sequence. We find that 

{ }  3217654 ,,,,,,=+α . The procedure terminates at the third step, and it consists of four steps, 

namely the zero-th, the first, the second and the third. According to the construction of ⊕ 
sequences prescribed in the KFP, we produce the sets +

jΓ : { }  32176540 ,,,,,,=+Γ , 

{ }  3217651 ,,,,,=+Γ , { }  321762 ,,,,=+Γ , { }  323 ,=+Γ  and a sequence of thresholds 70 =u , 

41 =u , 32 =u , 23 =u . As in the case of a ⊖ sequence, we conclude on the basis of 

Theorems 2 and 3 of [1], and of Theorem 1 of [2], that { }  32,  is the largest K⊕ kernel of the 

system of vertices of the graph in Fig.1. 

A careful analysis of Fig.1 shows that the K⊖ kernel is in fact completely ordered, i.e., 

7654 ,,, . On the other hand the K⊕ indicates from the point of view of the “structure” of a 

graph the region in which the vertices are least ordered. This is in agreement with the our 

formulation of the problem of finding kernels as representatives of “saturated” or 
“unsaturated” regions (parts of a graph) with small graphs g . 

Now let us use the KFP for constructing determining sequences of arcs of the graph in 

Fig.1. The graph has a total of 13 arcs. After applying the KFP, we obtain on the basis of ⊖ 

actions the following sequence: 

 g,h,m,n,k,f,p,e,v,d,c,b,a=−α . 

The procedure terminates at first step and it consists of two steps, namely the zero-th step 
and the first step. At the zero-th step we have )G(U=−

0Γ , and at the first step we have 

{ }  g,h,m,n,k,f=−
1Γ , with the thresholds 10 =u  and 21 =u  respectively. Summing up, we 

can assert on the basis of the results of [1] and [2] that this is a definable set and at the same 

time the largest K⊖ kernel in the system of arcs. 

From the point of view of the graph structure, the application of the KFP to arcs in the 

construction of a ⊖-determining sequence does not yield anything new compared to the 
application of the KFP to vertices. We obtain the same complete order 7654 ,,,  represented 

in the form of a string of arcs, and it also corroborates our assertions concerning the 

saturation of a K⊖ kernel by transitive triples. On the other hand the use of KFP for 

constructing ⊕-determining sequence of arcs yields a K⊕ kernel 

 { }d,c,a,b,p,e,h,g,n,m,k=+
1Γ , 

whose meaning with regard to “non-saturation” with transitive triples cannot be ascertained. 
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Below we shall illustrate the peculiar features of using the duality theorem from [2] for 

finding K⊖ and K⊕ kernels of a monotonic system specified by vertices or arcs of a directed 

graph. 

At first let us consider the monotonic system of vertices of the graph in Fig.1. The 
sequence of sets +

jΓ  specified by the KFP on the basis of ⊕ actions uniquely determines 

the sets { }  41 =+Γ\V , { }  542 ,V =+Γ\ , { }  765413 ,,,,V =+Γ\ . Above we have found that 

322 ==+
+ u)(F Γ . From the construction of a determining sequence −α  of vertices of a 

graph we know that { } 37654 =−   ,,,F . Hence by virtue of Corollary 1 of Theorem 1 of [2] we 

can assert already after the second step of construction of an +α  sequence that the set 

{ }  76541 ,,,,  contains the largest K⊖ kernel. Thus we have shown that the sufficient conditions 

of the duality theorem of [2] are satisfied in the example of the graph represented in Fig.1. 

Now let us consider the set { }  3211 ,,V =−Γ\ . As was shown above, inside this set there 

exists a set { }  323 ,=+Γ  such that 23 =+
+ )(F Γ . On the other hand, 31 =−

− )(F Γ . By virtue of 

Corollary 4 of the duality theorem we can assert that set { }  321 ,,  contains the largest K⊕ 

kernel of the system of vertices of the graph (Fig.1); this likewise confirms that existence of 

the conditions governing the theorem. 

At last let us consider a collection of weight arrays on the arcs of the graph. The 
determining +α  sequence of arcs specifies a set { }  d,c,a,b,p,e,h,g,n,m,k=+

1Γ . It is easy to 

see that inside the set +
1Γ\U  there does not exist a set H  as required by the conditions of 

Corollaries 1 and 2 of the duality theorem in [2]. This shows that in comparison to arrays on 

vertices, weight arrays on arcs do not satisfy the duality theorem. 

4. Methods of Constructing of Monotonic Systems on a Special Classes of Graphs 

In contrast to the previous section, we do not carry out here a detailed construction of 

collections of weight arrays and determining sequences and kernels on any illustrative 
example. Here we shall show how to select a small graph g  and ⊕ and ⊖ actions so as to 

match the selection of these elements with the desired “saturation” of the investigated graph. 

The desired saturation of a graph can be understood as the saturation desirable for the 

investigator who usually has a working hypothesis with respect to the graph structure. In 

view of this, we shall consider the following classes of graphs: tournaments, a-cyclic 

(directed) graphs, and (directed or undirected) trees. 



 
 
 

  
15 

Let us recall the definitions of these classes of graphs. A tournament is a directed graph in 

which each pair of vertices ( )y,x  is connected by an arc [6]. An acyclic graph is a graph 

without cycles (in case of an undirected graph), and a graph without circuits (in case of a 

directed graph). Acyclic undirected graphs are trees, and we shall consider the most general 

class of trees, as well as the class of directed trees. 

In tournaments it is appropriate to consider regions of vertices that are “saturated” with 

cyclic triples. A cyclic triple is a graph g  such that { }  z,y,x)g(V = , 

( ) ( ) ( ){ }  z,x,z,y,y,x)g(U =  . It can be assumed that a tournament in which there exists such 

a region represents a structure of the participants of the tournament. This structure is 

nonuniform; i.e., there exists a central region (set) of participants who can win against the 

other players, but they are in neutral position with respect to one another. 

For solving the above problem, we propose the following exact formulation in the 

language of monotonic systems. In Section 2 we have considered weight arrays on vertices 

and arcs of a graph. Now let us consider the above models on vertices or arcs in a certain 
order. In both models we take a cyclic triple as the small graph g  with respect to which the 

π  function is calculated. Suppose that the methods of assignment of collections of weight 

arrays on vertices are the same as in Section 2. It is possible to modify this scheme by taking 

as a ⊖-action on the vertex α  the removal of all arcs of a tournament that originates at α , 

whereas ⊕-action is the restoration of all the arcs in the graph Λ  that originate at α . In 

Section 2 we performed the opposite operation, i.e., the removal of incoming arcs and the 

restoration of these same incoming arcs. 

The assignment of weight arrays on arcs of a tournament graph must be carried out in 

accordance with a scheme similar to that described in Section 2. Within the framework of the 

theory it is apparently impossible to decide whether the scheme of determination of kernels 

on arcs of a tournament is preferable to the scheme using vertices; therefore, it is necessary 

to carry out computer experiments. There exists only one heuristic consideration. If in a 

tournament there can exist several central regions saturated with cyclic triples, it will be 

preferable to use the scheme of determination of kernels on the arcs of tournament, since 

these regions can be found. The model based on vertices makes it possible to find a kernel 

that consists also of regions, but it does not permit finding an individual region. We do not 

possess a string of arcs representing these regions. 
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Acyclic directed graphs are a convenient language for describing operation systems [10]. 

An operation system can be regarded as a system of modules and interpreted as a library of 

programs. Each working program is a path in an acyclic graph, or, in other words, the set of 

modules of a library needed at a given instant. The modules are called one after another if 

not all of them can be stored in the main memory. In case of a library of a large size, there 

naturally arises the question of fixing the modules on information carriers. Prior to solving 

this problem, it is appropriate to ascertain the “structure” of an acyclic graph of a library of 

modules. 

For ascertaining the structure of a graph and for just-mentioned task of fixing the modules, 

we have to find the principal (nodal) vertices or arcs. The nodes are the “bottlenecks” of 

graphs or, in other words, the modules that occur in many working programs. 

We shall now formally describe this problem with the aid of a model of organization of a 

monotonic system on a graph. As a small graph we shall take directed graph in Fig.4. The 

structure of this graph is in accordance with the above definition of bottlenecks of the acyclic 

graph under consideration. It is possible to construct a monotonic system also on the arcs of 

an acyclic graph of a library of modules. The collection of weight arrays must be defined 

with the respect to the graph on Fig.4, and the ⊕ and ⊖ actions must be defined in 

accordance with the general scheme of Section 2. After this it is necessary to use the 

procedure of finding vertex kernels or arc kernels which in conjunction must indicate the 

bottlenecks in accordance with the above definition. As in case of tournaments, which a 

monotonic system is preferable of arcs or vertices requires experimental checking. 
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In comparison to the two previous examples, the last example does not have the aim of 

associating the application or description of any actual problem with tees. Our aim is to try 

and find in a tree a region, which in some sense is more similar to “cluster” than any other 

part of the tree. 

At first let us consider undirected trees. We shall use a model of organization of a 

monotonic system on the branches of a tree. As a small graph g  we shall take the graph 

shown on Fig.5. As in the case of assignment of collections of ⊕ and ⊖ weight arrays on 

arcs, we assign the corresponding ⊕ and ⊖ arrays with respect to the graph shown in Fig.5. 

The Θ arrays appear as a result of ⊖ actions (removal of edges), whereas the ⊕ arrays result 

from ⊕ actions (restoration of edges on empty graph Λ  ) by calculating the total weights of 

the tree G  and its copy on Λ . As an example we presented in Fig.6 the ⊕ and ⊖ kernels of 

this tree. Together with each edge we indicated the number of subgraphs g  that contain this 

edge and which are isomorphic to the graph shown in the Fig.5. 

Now let us consider directed trees. If it is of interest to separate “clusters” in a directed 

tree, we shall proceed as follows. Let us consider the following small graphs: 1g , 2g  and 3g  

(see Fig.7). 
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The weight function π  on a directed tree can be calculated separately with respect to each 

small graph 1g , 2g  and 3g ; then the values of all these three functions can be added up (a 

linear combination), thus yielding the overall function with respect to the graphs 1g , 2g  and 

3g . In the same way we can assign a monotonic system on arcs of a tree if ⊖ action signifies 

the removal of an arc of a tree, and ⊕ action the restoration of an arc on a copy of given tree 

on Λ . Thus we can pose on directed trees a similar problem of finding cluster kernels. Let 

us note that we use in the last example with trees a more general model of assignment of 

collections of weight functions with respect to a series of small graphs. The model in Section 

2 has been presented for one graph g . A collection of weight arrays with respect to a series 

of graphs has also the property of monotonicity, and apparently such a model is more 

interesting in solving problems of determination of “saturated” parts of graphs. 

The author expresses his gratitude to L.K. Võhandu for his assistance and steady interest 

and to É.M. Braverman and I.B. Muchnik for valuable advice and remarks. 
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