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Abstract 

 

A general theoretical method is described which is intended for the initial analysis of 

systems of interrelated elements. Within the framework of the model, a specially postulated 

monotonicity property for systems guarantees the existence of a special kind of subsystems 

called kernels. A number of extremal properties and the structure of the kernels are found. 

The language of description of monotonic systems of interrelated elements is described in 

general set-theoretic terms and leads to a constructive system of notions in the case of 

systems with finite number of elements. A series of properties of special finite sequences of 

elements are studied whereby kernels in monotonic systems are classified. 
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EKCTpEMAnbHbtE nO[ChCTEMbt MOHOTOHHbTX ChCTEM. I

h. 9. MYNTAT

(Tannun)

PaccuarpuBaerc.fl o6lqan reoporlIqecna.s MoAeJrb, rperrraarra(rerrrratr Alrfl.
HaqaJILIIoIO 3Tatra aIIaJIIISa CIICTeM ts3a]IMOCBTISaIIHLIX SJIerreIITOB. B pal,rHaX
uoAentr tr EcxoAE uB clrequaJlbuo rrocryJrr4poBanuoro cnoricrua Morroroggo-
crtr clrcrerr rapauTupyerc.fi cyrqecrBoBairre oco6brx rroAcrrcrelr - agep. Vc-
raEaBJlr4lBaercr{ pf[ aKcrpeMaJrbHbrx cnoficrs r4 crpyr{Typa flAep B N{o}rorog-
IrbIX ctrcreltax.,(eraJrtrSrrpyerc.fl flBbIIt oilucaHrrfl Monorourrbrx cr,rcreM BBar{-
MocBflSaElrbrx SJreMeEToB r{a o6rqeu reoperr,rno-M}ron(ecrBeHrroM ypoBrre, 11
Ha ero oclroBe nrrpa6arrrBaerc.fl I{oncrpynrrrBHafl crrcreMa rronnrrirt B cJry-
rrae cr4crenf c rioEerrgbrM qrrcJroM DJreMeHroB. tr{ay.raercrr ps/( cnoitcrn oco..
6rrx Hoseqrrblx rlocJreAoBareJrr,rrocreii oJre\rcHToB crrcreMr;r, c rror{crqbro r(oro-
PbIX OCYqECTBI{IIO BbIAEJIEIITE flAEP B MOIIOTOHHbIX CIICTC}IAI.

l .  Bsegenre

flpa zayrrenrdtr ilotseAcrru.E cJroxtrr ofi oucreMbl rracro rrprrxoA :s,rcfl" craJrHrr-
Barbcfl c saAaqeii anatrn:la Hollnperrrbrx rrrdcroBbrx Aaurrhnb SyunqtrogrrpoBa-
HU.Id cucTeMbr. Ha ocnone no4o6urrx Aarrnbrx rrHorAa rpe6yercfl BbrflcHlrrb,
cyqecrByror Jrrr B crrcTcMe oco6ble DJreMeHTbr uilu froAcr4creMbr aJreMeHToB,
pearupyrcrqrrx oArlorllrrrro Ha HaKrae-nrr6o (BogAeitcrBr{g), a ran}r(e (oruorxe-
rrr{fl)) Me?r(Ay oArroTr4rllrhrNrrr noAcr.{cTeMaMr{. Cne4euun o cyqecrBoBagr4tr y6a-
sarrr{brx oco6eltuocrei,i I{JII,I o (crpyxrype) uayqaeuofi crnirerlr,r ueo6xo4irrlu,
EanprrMePr Ao trpoBeAerlun o6uwtprlbrx trrqrrr Aoporocroflrr{rrx crarrlcTr4qecr{r4x
rrccJreAoBalrull.

B cn.aau c muponrlM rrprrMelrcnrreNr tsbrqucilurc.r-rr,Hoii Tex[rrxrr B rracro.flIree
BpeM.s Ha HaqarbrroM DTarre BbrflBJtelrr4fl crpyKTypbr cr4crer,rbl HaMeqaeTcfl IIOA-
xoA' ocHonartur'tit Ha paailI{qlloro poAa DBpr,rcrr.rqecnrrx MoAeJrrrx Lt-,4t llp"
rrocTpoeHl{Ill MoAeJreri MHorI're aBTophr r{cxoAflT rra coAepmareJrE,Irblx trocraHo-
BoH saAaq' a rar(}Ke r43 cpoplmr ilpeAcraBlrerrufl racxo4noir urr{opnraqr4n [5, 6].

EcrecrseHnoi'r Sopuoi,t upe4craBJrelrrrfl-lrlrrpoplrurjrr 4or^q6.rrufi uayveuzr
cJro?firlbrx crrcreM flBJr.Eercfl Sopnra rpa{a [7 ] . PacnpocrpauerrnbrM rrocrrreJrerr
un$opuaquu cJIyEtnIr ranlrte Marpr{qa, rrarrprrMep Marprrr{a AarrHut" l-gl. M;;-
prrrlhr I4 rpa{br JrerHo Aotrycnalor BrrAeJreHr4e AByx Mr4r{rrNraJrb}rbrx crpy6Typ-
rrbrx eAI4HIrrI crrcTeMbr: ((aJreMeHToB)) t4 <csflBerZ)) MelfiAy arer,rerrrauu *.- il niir.
nol'i pa6orc Ilolltrrrrtr (cBtl:lr)) trr ((EJreMeHT) TpaKTyrorcfl Aocraroqno urupo1o.
TaH, rr'orAa lr(eJrareJlbllo paccMarpl{Barr, cBflBrr B BrrAe aJreMoHToB cr{creMbl;
B STOM c,ryqae Molr{rlo o6Irapymlrtr, 6o"rrec ((Torrnrre) 3aBr,rcrrlrocrrr s ucxotrHoii
cl IcTeM(' .

flpencraurerrl4c clrcreMbr B BrdAe cArlHoro o6reHra - e.rreMeHTbl r4 cBfl3r,r
Me?fiAy eJreMerlTaMrr - Iro3Bo.IrtJer nprrAarr 6olee sernr.rfi cMbrcJr 3aAaqe Bbrr{B-
JIeHufi crpynrypbr clrcreMbr. Crpynrypa crrcreMbr - ero raxafl opragrr3arlrrfl
SJreMerrroB crrcTeMbr B lroAcmcreMbr, Horopafl cr(JlaAbrBaercrr B Bt{Ae MHO}fieCTBa
orEorueHui'i ltern4y rroAcldcreMaMu. CtpyHrypoft crrcreNrbr, Harrpr4Mep, Mo?r(er
6rrrr ecrecrBcHllo c.rroxtwn,wurtcn attoco6 o6re4r"uur4fl noAclroreM B eAugyro

* B lureparypc uo4o6nrre cI{cTeMbI rlaBbrBarorcf cr,rcre}{a}rrr B3arrrrocBflBarrHbrx DJre-MEHTOIT.
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1. Introduction 

For the study of a complex system, it is often necessary to encounter the problem of 

analyzing concrete numerical data about the system functioning. Sometimes based on similar 

data it is required to show whether in the system there exist special elements or subsystems, 

reacting in one way to some “actions” as well as “relations” between one-type subsystems. 

Information on the existence of the indicated peculiarities or on the “structure” of the system 

under study is necessary, for example, before carrying out extensive or expensive statistical 

investigation. 

Concerning wide application of computational techniques, at the present time, to initial 

detection of the structure of a system an approach based on various kind of heuristic models 

is planned [1-4]. For constructing models, many authors start with intuitive formulations of 

the problem and also with the form of presentation of the initial data [5,6]. 

A natural form of presentation the data for the purpose of studying complex systems is that 

of a graph [7]. A matrix, for example, a data matrix [8] also serves as a widely spread carrier 

of information. Matrices and graphs easily admit isolation of two minimal structural units of 

the system: “elements” and “connections” between elements 1. In this paper the notions 

“connections” and “elements” are interrelated in a sufficiently broad fashion. Thus, 

sometimes it is desirable to consider connections in the form of elements of a system; in this 

case, it is possible to find more “subtle” relations in the original system. 

Representation of a system in the form of unique object – elements and connections 

between elements – makes it possible to attach a more precise meaning to the problem of 

revealing the structure of a system. A structure of a system is an organization of elements of 

the system into subsystems, which is put together in the form of a set of relations between 

subsystems. A structure can, for example, be a natural way of combining subsystems into a 

single system, which is determined on the basis of “strong” and “weak” connections between 

                                                           
1  Analogous systems are called systems of interrelated elements in the literature. 
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elements of the system. A similar approach to the analysis of systems is described, for 

example, in [9], where the question of assembling systems of interrelated elements is 

considered. Assembling turns out to be a convenient macro-language foe expressing a 

structure of the system. 

In the theory of systems, usually direct connections between elements are considered. 

Situation, however, sometimes requires considering indirect connections as well. This 

requirement is distinguished thus: that indirect connections are dynamic relations in the 

sense that “degree” of dependence is determined by a subsystem, in which this or that 

connection is considered. Below we describe and study a certain subclass of similar 

“dynamic” systems called monotonic systems. 

The monotonicity property for systems allows us to formulate in a general form the 

concept of a kernel of a system as a subsystem, which in the originally indicated sense 

reflects the structure of the whole system in the large. A kernel represents a subsystem 

whose elements are “sensitive” in the highest degree to one of two types of actions (positive 

or negative), since “sensibility” to actions is determined by the intrinsic structure of the 

system. The definition of positive and negative actions reduces to the existence of two type 

of kernels – positive and negative kernels. 

Existence of kernels (special subsystems) is guaranteed by the mathematical model 

described in this paper and the problem of “isolating” kernels is typical problem in the 

description of a “large” system in the language of a “small” system – kernel. In this sense, 

figuratively speaking, a kernel of a system is a subsystem whose removal inflicts “cardinal” 

changes the properties of that system: The system "gives up" the existing structure. 

For exposition of the material terminology and symbolism, the theory of sets is used which 

requires no special knowledge. One should turn attention to the special notation introduced, 

since the apparatus developed in this paper is new. 
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2. Examples of Monotonic Systems 2 

1. In the n -dimensional vector space let there be given N  vectors. For each pair of vectors 
x  and y  one can define in many ways a distance )y,x(ρ  between these vectors (i.e., to 

scale the space). Let us assume that the set of given vectors forms an unknown system W . 

For every vector in an arbitrary subsystem of W  we calculate the sum of distances to all 

vectors situated inside the selected subsystem. Thus, with the respect to each subsystem of 

W  and each vector situated inside that subsystem, a characteristic sum of distances is 

defined, which can be different for different subsystems. 

It is not difficult to establish the following property of the set of sums of distances. 

Because of removing a vector from the subsystem the sums computed for the remaining 

vectors decrease while because of adding a vector to the subsystem they increase. A similar 

property of sums for every subsystem of system W  is called in this paper the monotonicity 

property and a system W  having such a property is called a monotonic system. 

2. For studying schools, directions in various branches of science, the so-called graphs of 

cited publications [10] are used. These are directed a-cyclic graphs, since each author can 

cite only those authors whose papers are already published. It is entirely reasonable to 
assume that the set of publications W  forms a certain system, where the system elements 

(published papers) are exchanged with each other by information and by special way, 

namely, by the help of citation. If we consider a subset from an available survey of the set of 
publications W , then each publication can be characterized by the number of bibliographical 

tittles, taken only over the subset − subsystem − considered. It is clear that “removal” of 

publication from the subsystem only decreases the quantitative evaluation thus introduced 

for the degree of exchange of information in the subsystem while the “addition” of a 

publication in the subsystem only increases that evaluation for all publications in the 

subsystem. Thus, we have here a monotonic citation system given in the form of a graph. 

                                                           
2 Kempner, Y., Mirkin, B., and Muchnik, I. B., "Monotone linkage clustering and quasi-concave set 

functions," Applied Mathematics Letters, 1997, 4, 19-24, 
http://www.datalaundering.com/download/kmm.pdf ; B. Mirkin and I. Muchnik, “Layered Clusters of 
Tightness Set Functions,” Applied Mathematics Letters, 2002, v. 15, issue no. 2, pp. 147-151. 
http://www.datalaundering.com/download/mm012.pdf ; see also, A. V. Genkin (Moscow), I. B. Muchnik 
(Boston), “Fixed Approach to Clustering, Journal of Classification,” Springer, 1993, 10, pp. 219-240, 
http://www.datalaundering.com/download/fixed.pdf ; and latest connection, Kempner, Y., Levit V. E., 
“Correspondence between two antimatroid algorithmic characterizations,” Dept. of Computer Science, Holon 
Academic Institute of Thechnology, July, 2003, Israel, 
http://www.datalaundering.com/download/0307013.pdf . 

http://www.datalaundering.com/download/kmm.pdf
http://www.datalaundering.com/download/mm012.pdf
http://www.datalaundering.com/download/fixed.pdf
http://www.datalaundering.com/download/0307013.pdf
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In connection with the above example, it is interesting to note [11], where the author 

involuntarily considers an example of a monotonic system in the form of a directed graph. 

3. Let us assume that there is a set W  of telephone exchanges or points of connection that 

are joined by lines of two-sided connections. Under the absence of any connection between 

points in a system with communications, it is possible to organize a transit connection. If a 

functioning of a similar system is observed for a long time, then the “quality” of connection” 

between each pair of points can be expressed, independently of whether there exists a two-

sided connection or not, by the average number of “denials” in establishing a connection 

between them in a standard unit of time. Generally speaking, if it is desired to characterize 

each point of the system W  in the sense of “unreliability” of establishing connections with 

other points, then this second characteristic can be taken to be the average number of denials 

in establishing connection with at least one point of the system in a unit time. It is clear that 

these same numerical qualities (quality of connection, unreliability characteristic) can be 

defined only inside every subsystem of the system with communications W . 

The proposed model has the following obvious properties. A gap in any line of two-sided 

connection increases the average number of denials among all other points of connection; 

introduction of any new line, in contrast decreases the average number of denials. This is 

related with the fact that load on the realization of a transit connection in a telephone 

communication network increases (decreases). In the case of curtailment of activity at any 

point of connection inside the given subsystem the unreliability of all points of subsystem 

increases while in case of addition of a point of connection to the subsystem the unreliability 

decreases. 

Thus, there is a complete similarity with the examples of monotonic systems considered 

above and one can state that the model described for telephone communications is a 

monotonic system. 

In the present paper a monotonic system is defined, to be a system over whose elements 

one can perform “positive” and “negative” actions. In addition, positive actions increase 

certain quantitative indicators of the functioning of a system while the negative actions 

decrease those indicators. In the second example considered above the positive action is the 
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addition of an element to a subsystem while the negative action is removing an element from 

the subsystem; in the third example the converse holds. 

In the second and third examples above, the kernel must have an intuitive meaning. Thus, 

in the citation graphs, a negative kernel must turn out to be the set of publications citing each 

other in a considerable degree (by authors representing a single scientific school) while a 

positive kernel must consist of publications citing each other to a lesser degree (representing 

different schools). 

In telephone communications networks the intuitive sense of a kernel must manifest itself 

in the following. If we take as elements of a communication network the lines of connection, 

then a negative kernel is a collection of lines that give on the average a “mutually agreed 

upon” large number of denials while a positive kernel has the opposite sense − a collection 

of lines that give on the average less denials. In case the system elements are taken to be the 

connection points of a telephone communication network, a negative kernel is a set of 

mutually unreliable points while a positive kernel is a set of more reliable points. 

The intuitive meaning given to kernels of citation graphs and communication network is 

not based on a sufficient number of experimental facts. The indicated properties are noted in 

analogy with available intuitive interpretation of kernels obtained for solutions of automatic-

classification problems [12]. 

3. Description of a Monotonic System 

One considers some system W  consisting of a finite number of elements, 3 i.e., NW = , 

where each element α  of the system W  plays a well-defined role. It is supposed that the 

states of elements α  of W  are described by definite numerical quantities characterizing the 

“significance” level of elements α  for the operation of the system as a whole and that from 

each element of the system one can construct some discrete actions. 

We reflect the intrinsic dependence of system elements on the significance levels of 

individual elements. The intrinsic dependence of elements can be regarded in a natural way 

                                                           
3  If W  is a finite set, then W  denotes the number of its elements. 
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as the change, introducible in the significance levels of elements β , rendered by a discrete 

action produced upon element α . 

We assume that the significance level of the same element varies as a result of this action. 

If the elements in a system are not related with each other in any way, then it is natural to 

suppose that the change introduced by element α  on significance β  (or the influence of α  

on β ) equals zero. 

We isolate a class of systems, for which global variations in the significance levels 

introduced by discrete actions on the system elements bears a monotonic character. 

Definition. By a monotonic system, we understand a system, for which an action realized 

on an arbitrary element α  involves either only decrease or only increase in the significance 

levels of all other elements. 

In accordance with this definition of a monotonic system two types of actions are 

distinguished: type ⊕ and type ⊖. An action of type ⊕ involves increase in the significance 

levels while ⊖ involves decrease. 

The formal concept of a discrete action on an element α  of the system W  and the change 

in significance levels of elements arising in connection with it allows us to define on the set 

of remaining elements of W  an uncountable set of functions whenever we have at least one 

real significance function DW: →π  ( D  being the set of real numbers). 

Indeed, if an action is rendered on element α , the starting from the proposed scheme one 

can say that function π  is mapped into +
απ  or −

απ  according as a the action is of type 

⊕ or ⊖. Significance of system elements is redistributed as action on element α  changes 

from function π  to +
απ  ( )−

απ  or, otherwise, the initial collection of significance levels 

{ }W)( ∈∂∂    π  changes into a new collection { }W)( ∈∂∂+    απ  4. Clearly, if we are given 

some sequence ,...,, 321 ααα  of elements of W  (arbitrary repetitions and combinations of 

                                                           
4  Functions π , +

απ  and −
απ  are defined on the whole set W  and, consequently, )( ∂+

απ  and )( ∂−
απ  are 

defined. 
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elements being permitted) and the binary sequence ,...,, +−+ , then by the usual means one 

can define the functional product of functions +
1απ , −

2απ , +
3απ  in the form +−+

321 ααα πππ . 

The construction presented allows us to write the property of monotonic systems in the 

form of the following basic inequalities: 

 )()()( ∂≥∂≥∂ −+
αα πππ  (1) 

for every pair of elements W, ∈∂α , including the pairs αα ,  or ∂∂, . 

Let there be given a partition of set W  into two subsets, i.e., WHH =∪  and 

∅=∩ HH . If we subject the elements H,...,, ∈321 ααα  to positive actions only, then by the 

same token on set W  there is defined some function ...+−+
321 ααα πππ , which can be regarded as 

defined only on the subset H  of W . 5 

If from all possible sequences of elements of set H  we select a sequence H,...,, ααα 21
6, 

where iα  are not repeated, then on the set H  function ...++
21 αα ππ  is induced univalently. 

We denote this function H+π  and call it a standard function. We shall also refer to the 

function thus introduced as a weight function and to its value on an element as an α  weight. 

In accordance with this terminology the set { }H)(H ∈+ ααπ    , which is denoted by 

H+Π  is called a weight collection given on the set H  or a weight collection relative to set 

H . Let us assume that we are given a set of weight collections { }WHH ⊆+    Π  on the set 

of all possible subsystems )W(P  of system W . The number of all possible subsystems is 
W)W(P 2= . 

Instead of considering a standard function for positive actions ...++
21 αα ππ  one can consider a 

similar function for negative actions H−π . Thus, by exact analogy one defines single weight 

                                                           
5  We are not interested in significance levels obtained as a result of operations on elements of H  onto the 

same set H . 
6 Here symbols ,  are used to stress the ordered character of a sequence of H . 



 
 
 

  
8 

collection { }H)(HH ∈= −− ααπΠ     and the aggregate of weight collections 

{ }WHH ⊆−    Π . 

Let us briefly summarize the above construction. Starting with some real function π  

defined on a finite set W  and using the notion of positive and negative actions on elements 

of system W , one can construct two types of aggregate collections H+Π  and H−Π  

defined on each of the H of subsets of W . Each function from the aggregate (weight 

collection) is constructed by means of the complement to H , equaling HW \ , and a 

sequence H,...,, ααα 21  of distinct elements of the set H . For this actions of types ⊕ and 

⊖ are applied to all elements of set H  in correspondence with the ordered sequence 

H
,...,, ααα 21  in order to obtain H+Π  and H−Π  respectively. 

The concept of weight collections H+Π  and H−Π  needs refinement. The definition 

given above does not taken into account the character of dependence of function Hπ  on the 

sequence of actions realized on the elements of set H  7. Generally speaking, weight 

collection )H(H −+ ΠΠ  is not defined uniquely, since it can happen that for different 

orderings of set H  we obtain different function Hπ . 

In order that weight collection )H(H −+ ΠΠ  be uniquely defined by subset H  of the set 

W  it is necessary to introduce the notion of commutativity of actions. 

Definition. An action of type ⊕ or ⊖ is called commutative for system W  if for every 

pair of elements W, ∈βα  we have 

 ++++ = αββα ππππ , −−−− = αββα ππππ  

In this case it is easy to show that the values of function Hπ  on the set H  do not depend 

on any order defined for the elements of the set H  by sequence ,..., 21 αα . The proof can 

be conducted by induction and is omitted. 

                                                           
7  In the sequel, if sign “−” or “+” is omitted from our notation, then it is understood to be either “−” or “+” 
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Thus, for commutative actions the function )H(H −+ ππ  is uniquely determined by a 

subset of W . 

In concluding this section, we make one important remark of an intuitive character. As is 

obvious from the above-mentioned definition of aggregates of weights collection of type ⊕ 

and ⊖, the initial weight collection serves as the basic constructive element in their 

construction. The initial weight collection is a significance function defined on the set of 

system elements before the actions are derived from the elements. In other words, it is the 

initial state of the system fixed by weight collection WΠ . It is natural to consider only those 

aggregates of weight collections that are constructed from an initial ⊕ collection, which is 

the same as the initial ⊖ collection. The dependence indicated between ⊕ and ⊖ weight 

collections is used considerably for the proof of the duality theorem in the second part of this 

paper. 

4. Extremal Theorems. Structure of Extremal Sets 8 

Let us consider the question of selecting a subset from system W  whose elements have 

significance levels that are stipulated only by the internal “organization” of the subsystem 

and are numerically large or, conversely, numerically small. Since this problem consists of 

selecting from the whole set of subsystems )W(P  a subsystem having desired properties, 

therefore it is necessary to define more precisely how to prefer one subsystem over another. 

Let there be given aggregates of weight collections { }WHH ⊆+    Π  and 

{ }WHH ⊆−    Π . On each subset there are defined the following two functions: 

 
H

)H(F
∈+ =

π
max )(H απ+ , 

H
)H(F

∈− =
π
min )(H απ− . 

Definition of Kernels. By kernels of set W  we dub the points of global minimum of 

function +F  and of global maximum of function −F . 

                                                           
8 See also, Muchnik, I., and Shvartser, L. (1990), "Maximization of generalized characteristics of functions of 

monotone systems," Automation and Remote Control, 51, 1562-1572, 
http://www.datalaundering.com/download/maxgench.pdf. 

http://www.datalaundering.com/download/maxgench.pdf
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A subsystem, on which +F  reaches a global minimum, is called a ⊕ kernel of the system 

W , while a subsystem on which −F  reaches a global maximum, is called ⊖ kernel. 

Thus, in every monotonic system the problem of determining ⊕ and ⊖ kernels is raised. 

With the purpose of intuitive interpretation as well as with the purpose of explaining the 

usefulness of the notion of kernels introduced above we turn once again to the examples of 

citation graphs and telephone commutation networks. 

The definition of a kernel can be formulated with the help of a significance levels of 

system elements, that is: a ⊕ kernel is a subsystem of a monotonic system, for which a 

maximal level among significance levels stipulated only by internal organization of the 

subsystem is minimal, and a ⊖ kernel is a subsystem for which a minimal level among those 

same significance levels is maximal. 

The definition of a kernel accords with the intuitive interpretation of a kernel in citation 

graphs and telephone commutation networks. Thus, in citation graphs a ⊕ kernel is a subset 

(subsystem) of publications, in which the longest list of bibliographical titles is at the same 

time very short; though not inside the subset, but among all possible subsets of the selected 

set of publications (among the very long lists). If in our subset of publications a very short 

list of bibliographical titles is at the same time very long among the very short ones relative 

to all the subsets, then it is a ⊖ kernel of the citation graph. It is clear that a ⊖ kernel 

publications cite one another often enough, since for each publication the list of 

bibliographical titles is at any rate not less than a very short one while a very short list is 

nevertheless long enough. In a ⊕ kernel the same reason explains why in this subset one 

must find representatives of various scientific schools. 

In telephone commutation networks, one can consider two types of system elements – lines 

of connections and points of connections. In a system consisting of lines, a ⊖ kernel turns 

out to be a subset of lines, for which the lines with the least number of denials in that subset 

are at the same time the lines with the greatest number of denials among all possible sets of 

lines. This means that at least the number of denials stipulates only by the internal 
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organization of a subnetwork of lines of a ⊖ kernel is not less than the number of denials for 

lines with the smallest number of denials and, besides, this number is large enough. Hence 

one can expect that the number of denials for lines of a ⊖ kernel is sufficiently large. 

Similarly one should expect a small number of denials for lines of a ⊕ kernel. Formulation 

for ⊕ and ⊖ kernels for points of connection is exactly the same as for the lines and is 

omitted here. 

Before stating the theorems, we need to introduce some new definitions and notations. 

Let 110 −= k,...,, αααα  be an ordered sequence of distinct elements of set W , which 

exhausts the whole of this set, i.e., Wk = . From sequence α  we construct an ordered 

sequence of subsets of W  in the form 

 110 −= kH,...,H,Hα∆  

with the help of the following recurrent rule 

 WH =0 , { }iii HH α\=+1 ; 210 −= k,...,,i  9 

Definition. Sequence α  of elements of W  is called a defining sequence relative to the 

aggregate of weights collections { }WHH ⊆−    Π  if there exists in sequence α∆ , a 

subsequence of sets 

 −−−= p,...,, ΓΓΓΓα 10 , 

such that: 

a) weight )(H ii απ−  of an arbitrary element iα  in sequence α , belonging to set −
jΓ  

but not belonging to set −
+1jΓ  is strictly less than values of )(F j 1+− Γ  10; 

b) in set −
pΓ  there does not exist a proper subset L  which satisfies the strict inequality 

 )L(F)(F p −− <Γ . 

                                                           
9  Sign \  denotes the subtraction operation for sets. 
10 Here and everywhere, for simplification of expression, where it is required, the sign “−” or “+” is not used 

twice in notations. We should have written )(F j
−
+− 1Γ  or )(F j

+
++ 1Γ . 
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A sequence α  with properties a) and b) is denoted by −α . One similarly defines a 

sequence +α . 

Definition. Sequence α  of elements of W  is called a defining sequence relative to the 

aggregate of weights collections { }WHH ⊆+    Π  if there exists in sequence α∆ , a 

subsequence of sets 

 +++= q,...,, ΓΓΓΓα 10 , 

such that: 

c) weight )(H ii απ+  of an arbitrary element iα  in sequence α , belonging to set +
jΓ  

but not belonging to set +
+1jΓ  is strictly greater than values of )(F j 1++ Γ ; 

d) in set +
qΓ  there does not exist a proper subset L  which satisfies the strict inequality 

 )L(F)(F q ++ >Γ . 

A sequence α  with properties a) and b) is denoted by −α . One similarly defines a 

sequence +α . 

Definition. Subset *H +  of set W  is called definable if there exists a defining sequence +α  

such that +
+ = q
*H Γ . 

Definition. Subset *H −  of set W  is called definable if there exists a defining sequence −α  

such that −
− = p
*H Γ . 

Below we formulate, but do not prove, a theorem concerning properties of points of global 

maximum of function −F . The proof is adduced in Appendix 1. A similar theorem holds for 

function +F . In Appendix 1 the parallel proof for function +F  is not reproduced. The 

corresponding passage from the proof for −F  to that of +F  can be effected by simple 

interchange of verbal relations “greater than” and “less than”, inequality signs “≥” and “≤”, 

“>”, “<” as well as by interchange of signs “+” and “−”. The passage from definable set *H +  

to *H −  and from definition of sequence +α  and −α , is effected by what has just been said. 
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Theorem 1. On a definable set *H −  function −F  reaches a global maximum. There is a 

unique definable set *H − . All sets, on which a global maximum is reached, lie inside the 

definable set *H − . 

Theorem 2. On a definable set *H +  function +F  reaches a global minimum. There is a 

unique definable set *H + . All sets, on which a global minimum is reached, lie inside the 

definable set *H + . 

In the proof of Theorem 1 (Appendix 1) it is supposed that definable set *H −  exists. It is 

natural that this assumption, in turn, needs proof. The existence of *H −  is secured by a 

special constructive procedure. 11 

The proof of Theorem 2 is completely analogous to the proof of Theorem 1 and is not 

adduced in Appendix 1. 

We present a theorem, which reflects a more refined structure of kernels of W  as elements 

of the set )W(P  of all possible subsets (subsystems) of set W . 

Theorem 3. The system of all sets in )W(P , on which function −F  ( )+F  reaches 

maximum (minimum), is closed with the respect to the binary operation of taking union of 

sets. 

The proof of this theorem is given in Appendix 2 and only for the function −F . The 

assertion of the theorem for +F  is established similarly. 

Thus, it is established that the set of all ⊖ kernels ( ⊕ kernels ) forms a closed system of 

sets with respect to the binary operation of taking the unions. The union of all kernels is 

itself a large kernel and, by the statements of Theorems 1 and 2, is a definable set. 

                                                           
11 This procedure will be presented in the second part of the article, since here only the extremal properties of 

kernels and the structure of the set of kernels are established. 
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A P P E N D I X  1 

Proof of Theorem 1. We suppose that a definable set *H −  exists. 

(Conducting the proof by contradiction) let us assume that there exists a set WL ⊆ , which 

satisfies the inequality 

 ).L(F)H(F *
−− ≤  (A.1) 

Thus two sets *H −  and L  are considered. One of the following statements holds: 

1) Either ∅≠−
*H/L , which signifies the existence of elements in L , not belonging to 

*H − ; 

2) or *HL −⊆ . 

We first consider 2). By a property of definable set *H −  there exists a defining sequence 

−α  of elements of set W  with the property b) (cf. the definition of −α  ) such that the strict 

inequality )L(F)H(F *
−− <  does not hold and, consequently, only the equality holds in 

(A.1). In this case, the first and the third statements of the theorem are proved. It remains 

only to prove the uniqueness of *H − , whish is done after considering 1). 

Thus, let ∅≠−
*H/L  and let us consider set tH  − the smallest of those iH  

)k,...,,i( 110 −=  from the defining sequence −α  that include the set *H/L − . Then the fact 

that tH  is the smallest of the indicated sets implies the following: there exists element 

L∈λ , such that tH∈λ , but 1+∉ tHλ . 

Below, we denote by )(i Ω  the smallest of the indices of elements of defining sequence 

−α  that belong to the set W⊆Ω . 

Let −
pΓ  be the last in the sequence of sets −

jΓ , whose existence is guaranteed by the 

sequence −α . For indices t  and )(i p
−Γ  we have the inequality )(it p

−< Γ . 

The last inequality means that in sequence of sets −
jΓ  there exists at least one set −

sΓ , 

which satisfies 

 11 +≥−
+ t)(i sΓ . (A.2) 
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Without decreasing generality, one can assume that −
sΓ  is the largest among such sets. 

It has been established above that tH∈λ , but 1+∉ tHλ . Inequality (A.2) shows that 

1+
− ⊂ ts HΓ , since the opposite assumption 1+

− ⊇ ts HΓ  leads to the conclusion that 

1+≥− t)(i sΓ  and, consequently −
sΓ  is not the largest of the sets, for which (A.2) holds. 

Thus, it is established that ts H⊃−
−1Γ . Indeed, if ts H⊆−

−1Γ , then for indices )(i s
−
−1Γ  and t  

we have t)(i s ≥−
−1Γ . 

Hence 111 +≥+−
− t)(i sΓ  and the inequality 11 +≥ −

−
− )(i)(i ss ΓΓ  implies 1+≥− t)(i sΓ . The 

last inequality once again contradicts the choice of set −
sΓ  as the largest set, which satisfies 

inequality (A.2). 

Thus, −∉ sΓλ , but −
−∈ 1sΓλ , since tH∈λ , −

−⊆ 1stH Γ . On the basis of property a) of the 

defining sequence −α , we can conclude that 

 )(F)(H st Γλπ −
− < , (A.3) 

where ps ≤≤0 . 

Let us consider an arbitrary set −
jΓ  )p,...,,j( 110 −=  and an element −∈ jΓτ , which has 

the smallest index in the sequence −α . In other words, set −
jΓ  starts from the element τ  in 

sequence −α . In this case, set −
jΓ  is a certain set iH  in the sequence of imbedded sets iH . 

The definition of )H(F−  and the property a) of defining sequence −α  implies that 

 )(F)()(F jjj 1+−
−

− <≤ ΓτΓπΓ . 

Hence 
 )(F...)(F)(F pΓΓΓ −−− <<< 10  

and as a corollary we have for p,...,,j 10=  

 )H(F)(F)(F *
pj −−− =≤ ΓΓ , (A.4) 

since *
p H −
− =Γ . 
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Let L∈µ  and let weight )(L µπ−  be minimal in the collection of weights relative to set 

L . On the basis of inequalities (A.1), (A.3), and (A.4) we deduce that 

 ).L(F)(L)(Ht −
−− =< µπλπ  (A.5) 

Above, tH  was chosen so that tHL ⊆ . Recalling the fundamental monotonicity property 

(1) for collection of weights (the influence of elements on each other), it easy to establish 

that 

 )(H)(L t λπλπ −− ≤ . (A.6) 

Inequalities (A.5) and (A.6) imply the inequality 

 )(L)(L µπλπ −− < , 

i.e., there exists in the collection of weights relative to set L  a weight which is strictly less 

than the minimal weight. 

A contradiction is obtained and it is proved that set L  can only be a subset of *H −  and that 

all sets, distinct from *H − , on which the global maximum is also reached, lie inside *H − . 

It remains to prove that if a definable set *H −  exists, then it is unique. Indeed, in 

consequence of what has been proved above we can only suppose that some definable set 

'H − , distinct from *H − , is included in *H − . 

It is now enough to adduce arguments for definable set 'H −  similar to those adduced above 

for L , considering it as definable set 'H − ; this implies that '* HH −− ⊆ . The theorem is 

proved. 
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A P P E N D I X  2 

Proof of Theorem 3. Let Ω  be the system of set in )W(P , on which function −F  reaches 

a global maximum, and let Ω∈1K  and Ω∈2K . 

Since on 1K  and 2K  the function −F  reaches a global maximum, therefore we might 

establish the inequalities 

 )K(F)KK(F 121 −− ≤∪ , )K(F)KK(F 221 −− ≤∪ . (A.7) 

We consider element 21 KK ∪∈µ , on which the value of function −F  on set 21 KK ∪ , is 

reached, i.e., 

 )(KK)(KK
KK

απµπ
α 2121

21

∪=∪ −

∪∈

− min . 

If 1K∈µ , then by rendering ⊖ actions on all those elements of set 21 KK ∪ , that do not 

belong to 1K , we deduce from the fundamental monotonicity property of collections of 

weights (1) the validity of the inequality 

 )(KK)(K µπµπ 211 ∪≤ −− . 

Since the definition of −F  implies that )(K)K(F µπ 11
−

− ≤  and by the choice of element 

µ  we have )KK(F)(KK 2121 ∪=∪ −
− µπ , therefore we deduce the inequality 

 )KK(F)K(F 211 ∪≤ −− . 

Now from the inequality (A.7) it follows that 

 )KK(F)K(F 211 ∪= −− . 

If, however, it is supposed that 2K∈µ , then ⊖ actions are rendered on elements of 

21 KK ∪ , not belonging to 2K ; in an analogous way we obtain the equality 

 )KK(F)K(F 212 ∪= −− , 

which was to be proved. 
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*i The name “Monotonic System” at that moment in the past was the best match for our scheme. However, this 

name “Monotone System” was already occupied in “Reliability Theory” unknown to the author. Below we 
reproduce a fragment of a “monotone system” concept different from ours in lines of Sheldon M. Ross 
“Introduction to Probability Models”, Fourth Ed., Academic Press, Inc., pp. 406-407. 

 
Example 2d  (A four-Component Structure): 
 
 

 
Consider a system consisting of four components, and suppose that the system functions if and only if 

components 1 and 2  both function and at least one of components 3  and 4  function. Its structure function 
is given by 

 ( )4321 x,xxx)( max x ⋅⋅=φ . 

Pictorially, the system is shown in Figure 9.4. A useful identity, easily checked, is that for binary variables, 
(a binary variable is one which assumes either the value 0  or 1) ix , n,...,i  1= , 

 ( ) ( )∏
=

−−=
1

1 11
i

in xx,...,xmax  

When 2=n , this yields 

 ( ) ( ) ( ) 21212121 111 xxxxxxx,x ⋅−+=−⋅−−=max . 

Hence, the structure function in the above example may be written as 

 ( )434321 xxxxxx)( ⋅−+⋅⋅=xφ  ! 

It is natural to assume that replacing a failed component by a functioning one will never lead to a 
deterioration of the system. In other words, it is natural to assume that the structure function )( xφ  is an 

increasing function of x , that is, if ii yx ≤ , n,...,i  1= , then )()( yx φφ ≤ . Such an assumption shall be 
made in this chapter and the system will be called monotone. 
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