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Abstract

The basic distinction between already known algorithmic characterizations
of matroids and antimatroids is in the fact that for antimatroids the ordering of
elements is of great importance.

While antimatroids can also be characterized as set systems, the question
whether there is an algorithmic description of antimatroids in terms of sets and
set functions was open for some period of time.

This article provides a selective look at classical material on algorithmic
characterization of antimatroids, i.e., the ordered version, and a new unordered
version. Moreover we empathize formally the correspondence between these two
versions.
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1 Introduction

In this paper we compare two algorithmic characterization of antimatroids. There
are many equivalent axiomatizations of antimatroids, that may be separated into two
categories: antimatroids defined as set systems and antimatroids defined as languages.
Boyd and Faigle [T] introduced an algorithmic characterization of antimatroids based
on the second antimatroid definition - as a formal language. Another characteriza-
tion of antimatroids, that uses their definition as a set systems, is considered in this
paper. This approach is based on the optimization of set functions defined as the
minimum value of linkages between a set and elements from the set complement. The
correspondence between two these approaches is established.

Section 2 gives some basic information about antimatroids as set systems. In Sec-
tion 3 a set system generated by an isotone operator is introduced, and its equivalence
to an antimatroid is proved. In Section 4 monotone linkage functions are considered.



The optimization of the functions defined as the minimum of the monotone linkage
functions extends to antimatroids, and the polynomial algorithm that finds an op-
timal set is constructed. In Section 5 an algorithmic characterization of truncated
antimatroids in terms of the monotone linkage functions are considered. In Section 6
the results of Boyd and Faigle are presented and connection between their approach
and the approach based on monotone linkage functions is established.

2 Preliminaries

Let E be a finite set. A set system over E is a pair (E,F) where F C 2F is a family
of subsets of E, called feasible sets. We will use X Uz for X U {z} and X — x for
X — {z}.

Definition 2.1 A non-empty set system (E,F) is an antimatroid if
(A1) for each non-empty X € F there is an © € X such that X —x € F
(A2) for all X, Y € F, and X LY, there exist anx € X —Y such thatY Uz € F.

Any set system satisfying (A1) is called accessible.

Definition 2.2 A set system (E,F) has the interval property without upper bounds
ifforall X, Y € Fwith X CY and forallzr €e E-Y , XUx € F impliesY Uz € F.

There are some different antimatroid definitions, for the sake of completeness we
will prove the following proposition:

Proposition 2.3 [F/[4/For an accessible set system (E,F) the following statements
are equivalent:

(i) (BE,F) is an antimatroid

(79) F is closed under union

(#i7) (E,F) satisfies the interval property without upper bounds

Proof. (i) = (i) Let X, Y € F and Y £X. Repeated application of (A2) yields a
set XUY —X)eF,ie. XUY € F.

(ii) = (iii) Let X,V € Fand X CY andz € E—Y and X Uz € F, then
(XUz)UY € Fie. YUz € F.

(19i) = (i) Let X, Y € F and X LY . Accessibility means that we can find a
sequence 1Ts...xp and corresponding sequence ) = Xy € X7 C ... € X} = X where
X, =X,_1Ux; ,and X; € F for 0 < ¢ < k. Let j be the least integer for which
Xj /QY Then Xj,1 cY, T ¢ Y and Xj,1 U.Ij e F, that implies Yu Tj € F.
Hence (E,F) is an antimatroid. W

A maximal feasible subset of set X C FE is called a basis of X, and will be denoted
by Bx. Clearly, by (ii), there is only one basis for each set.

Foraset X € F,let I'(X) = {r € E— X : XUz € F} be the set of feasible
continuations of X [A.



We will say that I : F — 2F is an isotone operator if forall X,Y €¢ F, X CY
implies I'(X)N(E-Y) CI'(Y). An accessible set system (E, F) satisfies the interval
property without upper bounds if and only if I' : F — 2% is an isotone operator:

zelX)N(E-Y)e@eE-Y)ANXUzeF)=YUzeFezel(Y).

3 Isotone operators and antimatroids

In this section a characterization of an antimatroid as a set system generating by an
isotone operator is given.
Consider an operator ¥ : 2F — 2% such that

foreach X CE, ¥(X)CFE—-X (1)

In what follows we will use only operators satisfied ([l). We can build a set system,
denoted by (E, F(¥)), using the following algorithm.

¥ - Algorithm

FU)=0

i=0

T; = {0}

while T; # )
4.1 F(9)=F(9)UT;
42T = {XULL‘ : (X S Tl) AN (:v S \I/(X))}
43i=1+1

Ll e s

Clearly, (E, F(¥)) is an accessible system, because for each non empty X € F(¥)
there exists its "parent” X —xz € F(V¥) by using which the set X was generated.

It is not difficult to see that the property ({l) implies that on each step 4 the
algorithm generates the set T; in which each set has exactly i elements.

Here are some examples of ¥ operators:

(a) Let for each X C E, ¥(X)=FE — X. Then F(¥) = 25,

(b) Let F = {x1, 22, ...,y }, where for each i, x; < z;11. Define for each ) C X C
E,¥(X)={z € FE:x>max(X)}, and ¥()) = E. It is easy to see that, F(¥) = 2F.

(¢) Let (E,<) is a poset and U(X) = {r € £ : z = min(E — X)}, then the
obtained set system (E, F(¥)) is a poset antimatroid [].

(d) Let E = {1, 22, ..., }, where for each i, z; < x;11. Define for each ) C X C
E, ¥(X) = {11}, where z; = max(X), and ¥(0) = {z1}. Then F(¥) is a chain
0 Cc{x1} C{z1,22} C ... C{x1, 22, ..., 20}

Note, that the same set systems may be generated by different operators (see the
above examples). Now assume, that the operator ¥ is also an isotone operator, i.e.,

if X,Y C Ethen X CY implies U(X)N(E-Y) C ¥(Y). (2)



Lemma 3.1 Let U be an isotone operator, then for each X € F(V) andx € E — X,
XUz e F(P) if and only if x € U(X).

Proof. ”If” immediately follows from the structure of the W-Algorithm.

Conversely, if set X Uz was generated from X then x € U(X). If not - there is
a sequence of sets generated by the W-Algorithm ) = Xg C X; C ... C X = X U=z
such that X; = X;_1 Ux; where x; € U(X;_1). Let x = ;. Then

(X;-1 CX)A (z € U(X;_1)) A (z ¢ X) that implies (from @) z € ¥(X)m

Corollary 3.2 Two isotone operators Wy and Wy generate the same set system (E, F)
if and only if U1|r = Ua|r.

The property (@) makes possible to generate an antimatroid.

Theorem 3.3 Set system (E,F) is an antimatroid if and only if there exists an
isotone operator ¥ such that F = F(¥).

Proof. Each (E,F(¥)) is an accessible system. If in additional ¥ is an isotone
operator, then the set system (F, F(¥)) satisfies the interval property without upper
bounds. Indeed, if X, Y € F(¥),and X CY andz € E—Y, and X Uz € F(¥), then
(from Lemma Bl = € ¥(X), that implies z € ¥(Y), i.e. YUz € F(¥). It means
(see Preposition ) that the set system (E,F(¥)) is an antimatroid. Moreover,
U(X)=T(X) for each X € F(¥).

Conversely, let (E,F) be an antimatroid. We will show that this antimatroid can
be generated by some isotone operator. First, build the operator ¥ : 28 — 2F:

for each X C E,¥(X)=T(Bx) (3)

where Bx is a basis of X. Since the basis is unique, the definition is correct.
To show that the constructed operator is a required isotone operator we have to
prove two properties:
(i) U(X)C F— X
Indeed, suppose that € U(X) and z € X, then Bx Uz C X and Bx Uz € F.
Thus Bx Uz is also a basis, a contradiction.
(ii) ¥ satisfies (@).
At first, if X CY then Bx CBy. Now, since I' is an isotone operator we have,
by using @),

(e E-Y)AN(z€e¥X)=(xeE-By)AN(zeI'(Bx))=2zeI'(By)=2e€¥(Y)

It remains to show that F(¥) = F. For this purpose, consider X € F. There
exists a sequence ) = Xg C X; C ... € X = X where X; = X;_1Uux; and X; € F
for 0 < i < k. Thus, z; € ¥(X;_1), i.e. elements of the sequence is also obtained by
U-generator, and so X € F(P).

Conversely, let X € F(¥). Then there is asequence ) = Xo C X3 C ... C X,;, = X
where X; = X;_1Ux; and z; € ¥(X;_1). Then X; € Ffor0 <i<m,andso X € F.l



4 The Chain Algorithm and monotone linkage func-
tions

In general, to optimize a set function is an NP-hard problem, but for some specific
functions and for some specific set systems polynomial algorithms are known. In
this section we consider set functions defined as minimum values of monotone linkage
functions. Such set functions can be maximized by a greedy type algorithm over a
family of all subsets of F (see [8]). Here we extend this result to antimatroids.

The monotone linkage functions were introduced by Mullat [7]. We will give a
necessary basic notions.

Let 7 : E x 2 — R be a monotone linkage function such that

if X,2Y CEandz € E, then X CY implies n(z,X) > n(z,Y) (4)

For example, the single linkage 7(z, X) = minyex dyy, where dg, is a distance
between two objects, is a monotone linkage function.
Consider F : 2F — R defined for each X ¢ E

F(X) :zé%lilxw(x’X) (5)
These functions were studied in [8],[5]. A simple polynomial algorithm which finds
a set X C E such that
F(X)=max{F(Y):Y C E}

was developed, and the idea of this algorithm was used in searching of a protein

sequence alignment [6]. In this section we extend our results to a set system (E, F(¥))

generated by an isotone operator ¥. For this purpose we define a new set function as

follows:

Fy(X)= min z, X 6

¥(X) = min_ w(r.X) (6)

It should be pointed out that the definition (@) is not limited to set systems

(E,F(¥)), but in order to the function Fy to be defined on each subset X C F the
operator ¥ must be non-empty for each subset of F, i.e.,

for each X C E, ¥(X) # 0. (7)

It is easy to show that a set system (F,F(¥)) with non-empty isotone operator
U is an antimatroid in which E € F(¥). In [ this is a necessary condition for
antimatroids, whereas other authors doesn’t involve this property in the definition
of an antimatroid. Thus, [2] sets these antimatroids to the special class of normal
antimatroids, and [3] calls them full antimatroids. In any case, an antimatroid (E, F)
has one and only one maximal feasible set, namely UxcrX, that we denote as Er.
Further we will only need the assumption that operator ¥ is not-empty on F — Er.

Consider the following optimization problem - given a monotone linkage function
7, and a set system (E,F(¥)) generated by an isotone operator ¥, find the feasible
set X € F(¥) — Ex(y) such that Fy(X) = max{Fy(Y):Y € F(V) — Exy)}, where



function Fy defined by (@). To solve this problem we build the following algorithm.

The Chain Algorithm (E, 7, ¥)

1. Set X°=10

2. Set X =0

3. While ¥(X) # () do
3.11f Fy(X) > Fy(X°), set X0 = X
3.2 Choose z € ¥(X) such that 7(z, X) < 7(y,X) for all y € U(X)
33Set X =XUzx

4. Return X°

Thus, the Chain Algorithm generates the chain of sets

f=XoCX;C.. CXkZEy:(‘I;),



The Chain Algorithm is a greedy type algorithm since it based on the best choice
principle: it chooses on each step the extreme element (in sense of linkage function) and
thus approaches the optimal solution. Let P is the maximum complexity of m(z, X)
computation over all pairs (z, X) where © € E — X. Then the Chain Algorithm finds
the optimal feasible set in O(P|E|?) time, for example, in some clustering problems
[5], the complexity of the Chain Algorithm is O(|E|?).

Notice, that for antimatroids the functions ¥ and T' are identical (see Theorem
B3) then the following central result immediately follows from previous theorems:

Theorem 4.2 For an accessible set system (E,F), where T'(X) # 0 for each X €
F — Ex the following statements are equivalent
(1) the set system (E,F) is an antimatroid
(2) The Chain Algorithm finds a feasible set that mazimizes the function Fr for
every monotone linkage function m

5 Truncated antimatroids

In this section we extend our results obtained in Section 4 to truncated antimatroids
considered in the work of Boyd and Faigle [IJ.

Definition 5.1 The k-truncation of a set system (E,F) is a set system defined by
Fr={XeF:|X|<k}

If F is an antimatroid, then Fj is a k-truncated antimatroid.

The rank of a set X C F is defined as o(X) = max{|Y]: (Y € F)A(Y C X)}, the
rank of set system (E,F) is defined as o(F) = o(E). For a given antimatroid (E, F)
the rank of k-truncated antimatroid o(Fj) = k, whenever k < o(F).

Let (E,F(¥)) be an antimatroid generated by an isotone operator ¥. Consider a
(k-1)-truncated operator

U(X), [X[<k-1

U 1(X) = { 0, otherwise &)

The set system generated by ¥j_j-operator is a k-truncated antimatroid (E, (F(¥))x),
ie, (F(9))r = F(Vk_1). Indeed, any set |Y| < k is generated by ¥j_;-generator if
and only if Y € F | since ¥y,_1(X) = ¥(X) for all | X| <k — 1. Moreover, assume a
set Y for which |Y| > k was obtained by ¥j_1-generator, then there is a set X such
that | X| > k and Uj_1(X) # 0, in contradiction with the definition &).

Clearly, that the W_-operator is not isotone on all 2Z — E, but it satisfies to the
following condition:

X,YCE, (XCY)A([Y|<k—1)implies Vp_1(X)N(E-Y)C¥_1(Y) (9)

We call an operator ¥ a (k-1)-isotone operator if it satisfies {@) and ¥(X) = () for
each X C F, such that | X| > k.

The following theorem shows that a (k-1)-isotone operator generates a truncated
antimatroids in the same way as an isotone operator determines an antimatroid:



Theorem 5.2 Set system (E,F) is a k-truncated antimatroid if and only if there
exists a (k-1)-isotone operator ¥ such that F = F(¥).

Proof. To prove that the set system (F, F(¥)) is a k-truncated antimatroid we have
to build an antimatroid of which it is a truncation. Define, by analogy with [T]

Q ={X C E: there are some X1, ..., X, € F(U)such that X = X; U...UX,}, (10)

i.e., 2 is a closure by union of F ().

The set system (F, Q) is closed under union, so to prove that it is an antimatroid
it is remain to verify that the set system (F,(Q) is accessible. By analogy with [I]
consider a set X € Q and let X = X; U...U X,. Then there exists x € X; such
that X7 — z € F(V¥). Assume without loss of generality that « ¢ Xa, X3, ..., X}, for
otherwise we could let X; = X7 —x. If so, X —x = (X7 —2) UX2U...U X} € Q.

To show that the k-truncation of (E, ) is (E, F(¥)) it is sufficient to prove that
X € F(¥) if and only if X € Q and |X| < k. Indeed, if X € F(T) then, from
@), X € Q and obviously |X| < k. Conversely, let X € Q and |X| < k, then
X = A U...UA, We show that X € F(¥) by induction on p. If p = 1 then
X € F(V). Consider A = A3 U...UA,_1. By the hypothesis of induction, A € F(¥) .
Assume |A| < k, for otherwise X = A and then X € F(¥). Let ) = Xg C X; C ... C
X; = A be a sequence of sets generated by the W-operator, where X; = X;_; Uxz; and
x; € ¥(X;_1) for 1 <i < < k. Let j be the least integer for which X; LA,. Then
Xj 1 C Ay zj ¢ Ap and X;_1 Ux; € F(¥) , that implies 2; € U(A,). Repeated
application of (@) yields aset X = A, U (A — 4,) € F(¥).

Conversely, let (E, F) be a k-truncated antimatroid, then there is an antimatroid
(E, ®) for which (F,F) is a k-truncation. Since (F, ®) is an antimatroid, there exists
(Theorem [E3) an isotone operator U that generates the antimatroid (E, ®), and (k-
1)-truncation \I//;;l generates the set system (E,F). Obviously, the operator \I//;;l
satisfies to ([@). ®

Now, using the same technique as in Theorem BTl we obtain an algorithmic char-
acterization of truncated antimatroids.

Theorem 5.3 For an accessible set system (E,F), where T'(X) # 0 for each X € F
such that | X| < k the following statements are equivalent
(1) the set system (E,F)y is a k-truncated antimatroid
(2) the Chain Algorithm finds a feasible set that mazimizes the function Fr on
(E, F)i—1 for any monotone linkage function m

6 Correspondence between two algorithmic charac-
terization of antimatroids

In this section we consider another algorithmic approach to antimatroids introduced in
work of Boyd and Faigle [1]. Since the work based on other definition of an antimatroid
as a formal language, some additional notation is needed. Given a finite alphabet F
consists of letters. A word over E is a sequence of letters from E, denoted by the



lower case of Greek letters o, and ~. A language L is a set of words of E. The
concatenation of two words « and § will be denoted a8, ai will be used to denote a
word of length k and the set of distinct letters in a word « will be denoted a. The
language is called simple if there are no words with repeated letters.

Definition 6.1 An antimatroid language is a simple language (E, L) satisfying the
following two properties:

(1) Ifax € L, then ac € L.

(2) If a,0 € L and & /QB, then there exists an © € & such that Bz € L.

Antimatroids and antimatroid languages are equivalent in the following sense [4].
Theorem 6.2 If (E, L) is an antimatroid language, then
FL)y={a:aeLl}

is an antimatroid (E, F(L)).
Conversely, if (E,F) is an antimatroid, then

L(F)=A{z1..xp : {z1,..x;} € F for 1 <j <k}
is an antimatroid language (E, L(F)). Further, L(F(L)) = L and F(L(F)) = F.

The next problem was considered in [1]: let f : E x 22 — R be a monotone
function such that f(z, A) < f(z, B) whenever B C A. Define a mazimum nesting
Sfunction

W(zy...xr) = max{f(x1,{z1}), ..., f(xx, {z1, ..., ®K}) }.

The minimax nesting problem was defined as follows: given a simple language
(E, £) with a monotone function f and a nonnegative integer k < o(£), find oy, € £
such that

W(ag) = min{W(0) : Br € L}

The main theorem proved in [1] is reads as follows.

Theorem 6.3 Let (E, L) be a simple language. The greedy algorithm solves the mini-
max nesting problem for every monotone function f if and only if (E, L) is a truncated
antimatroid.

We will show the correspondence between our algorithmic characterization of an-
timatroids and characterization of Boyd and Faigle.

First note, that in [I] was proved that the constructed word oy = x1...z}, satisfies
also the following property:

Wi(zy...x;) =min{W(6;) : 8; € L} for each i such that 1 <i<k (11)

Second note, that the Chain Algorithm builds a sequence ) = Xo C X1 C ... C X
where X; = X;_1Uuz; for 1 <1i <k, i.e. this algorithm generates the sequence z1...zg.
So all sets X;, obtained by the Chain Algorithm, has a natural order: X; = {z1,...,z;},
i.e. we can consider each set X; also as a word «o; = x1...x;. We are now ready to
prove:



Theorem 6.4 Let (E,L) be a k-truncated antimatroid and VU is a operator which
generates this antimatroid , let

flxi, {z1, ..,z }) = w(xy, {21, ..., xi—1}) for each i such that 1 <i <k

then

(i) if X9 is an optimal set obtained by the Chain Algorithm, then there exists a
word oy, € L that satisfies () and X° = {z1,...,x,} is a shortest prefix of ay such
that W(zy...xpr1) = W(aw) = Fo(X?).

(i) if ax is a solution of the minimaz nesting problem obtained by the greedy
algorithm, then a shortest prefix {x1,...,xp} of ag such that W(x1...xp41) = Wiag)
mazximizes the function Fy.

Proof. (i) Let x;...z) be the sequence generating by the Chain Algorithm and let
X% = {z1,...,2p}. Set ax = x1...7 and prove that oy satisfies (). Suppose not,
then let 4, = y1...ym be a shortest word such that W (vy,,) < W(x1...zp,). It means
that for each i < m

max{ﬂ(xlu @)7 oy (@4 {:El, "'7xi—1})} < maX{ﬂ—(yla 0)7 ...,W(yi, {yla "'7yi—1})}

and for each i <m

7T({Em, {:Ela ...,l’m_l}) > max{ﬂ—(yla 0)7 "'77r(yi7 {yl7 "'7yi—1})} (12)

If {y1..-.Ym-1} = {z1, .., Tm—1}, then y,, € ¥({z1,...,2m_1}) and from (2
ﬂ-(ym,{xl7 ...7$m_1}) = ﬂ—(y’n’u {y].? "'7ym—l}) < ﬂ-(xma {fL'l, ...7$m_1})

So the Chain Algorithm should choose ¥, and not z,.
Thus, let j be the smallest index such that {y1,...,y;-1} € {x1,...,2m—1} and

y;i ¢ {x1,...,@m—1}. Since y; € ¥({y1,...,Yyj-1}), we get that y; € U({x1, ..., xm—-1}).
Hence, from monotonicity of 7 and from ([2)

7T(yj, {{El, ...,LL’m_l}) < F(yj, {yh ey j—l}) < F(l‘m, {{El, ...,LL’m_l})

contradiction to optimal choice of x,,.
Finally, the Chain Algorithm construction implies, that X = {z1,...,x,} is the
shortest prefix of ay such that

Fy(X%) = n(wpi1, {z1..7p}) = W(21..2pi1) = W(ag)

(ii) Conversely, let ay, be a solution of the minimax nesting problem and let X° =
x1,...,op be the shortest prefix such that W(x1...xp11) = W(ag). Then

m(zpt1, {z1...xp}) > m(Tig1, {z1...2:}) fori<p

and
m(zpt1, {z1...xp}) > m(Tig1, {z1...2:}) fori>p

10



Certainly, 7(zpt1, {z1...0p}) = mingew(xoy m(z, {z1...2p}). If not, there is 2° €
V(XY such that w(2°, {z1...2p}) < T(@ps1, {T1...2p}), Le. W(x1..2p2%) < W(21...mpp1)
- contradiction to (). So, Fy(X°) = n(xpi1, {z1...7,}).

Consider some set X € F(£). If X = {z...z;;}, i.e. X is some prefix of oz, then

Fy(X) = zglpi&)w(x,X) < m(zjrn, {rre2y}) < w(xpr, {z1..1,}) = Fy(X°)

Otherwise, let j be the smallest index such that {z1..z;} C X and z;11 ¢ X.
Then z;41 € ¥(X). Hence,

Fy(X) :merr‘}li&)w(%X) <7(zj41,X) <

< (i1, (w175 }) < w(Tpi1, {21 }) = Fo(XY).

7 Conclusions

In this article, we discussed a set system algorithmic description of one subclass of gree-
doids, namely, antimatroids. Further we compared a new description with a known
one based on the approach to define greedoids as languages. Actually, there are some
more important subclasses of greedoids also enjoying natural algorithmic character-
izations in terms of their feasible set systems, for instance, matroids and Gaussian
greedoids. These results may lead to new algorithmic frameworks for additional types
of greedoids. We consider the family of interval greedoids as a strong candidate for
the collection of successes of the set system algorithmic approach.
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